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5. DIFFERENTIAL CALCULUS

APPLICATIONS - |
Example sums:

1.The length | metres of a certain metal rod at temperature 6 ° Cis
given by 1 = 1 + 0.00005 6 + 0.0000004 6 °,

Determine the rate of change of length in mm/® C

when the temperature is (i) 100° Cand (ii) 400° C.

Solution:
The rate of change of length means%.
Since length | = 1 + 0.00005 6 + 0.0000004 6 *,

%: 0.00005 + 0.0000008 0 .

(i) when 6 =100° C

%: 0.00005 + (0.0000008) (100)

=0.00013m/° C
=0.13mm/° C
(i) When 6 =400° C
%: 0.00005 + (0.0000008) (400)

=0.00037 m/° C
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=0.37mm/° C

2. The luminous intensity | candelas of a lamp at varying voltage V is
given by:
| =4 X 10V Determine the voltage at which the light is increasing at

a rate of 0.6 candelas per volt.

Solution: The rate of change of light with respect to voltage is given by

dl
dav

Since | =4 X 1074V?
U_ g x107V.
dv

When the light is increasing at 0.6 candelas per volt then

dr
T + 0.6.

Therefore we must have + 0.6 = 8 X 10V, from which,

0.6
8x10—4

Voltage V =

=0.075 x10*
= 750 Volts.

3.The distance x meters described by a car in time t seconds is

given by: x = 3t>-2 t* + 4t —1. Determine the velocity and acceleration
when

(Dt=0and (ii)t=15s

Solution:
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Distance x = 3t>-2 t* + 4t -1

Velocity v = d—x: Ot*—4t+4mls

Acceleration a === 18t —4 m/s
(i) Whentimet =0
Velocity v = 9(0)>-4(0) + 4 = 4 m/s and
Acceleration a = 18(0) —4 = -4 m/s°
(i) When time t = 1.5 sec
Velocity v = 9(1.5)>-4(1.5) + 4 = 18.25 m/sec and
Acceleration a = 18(1.5) —4 = 23 m/sec?
4. Supplies are dropped from an helicopter and distance fallen in time t
seconds is given by x = %gt2 where g = 9.8 m/sec?. Determine the

velocity and acceleration of the supplies after it has fallen for 2 seconds.

Solution:

Distance x = %th
=2 (98) =49 ¢m

Velocity v = —= 9.8t m/sec

2
Acceleration a = 2" = 9.8 m/sec?

When time t = 2 seconds
Velocity v = (9.8)(2) = 19.6 m/sec and

Acceleration a = 9.8 m/sec®
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Which is the acceleration due to gravity.
5. The angular displacement 6 radians of a fly wheel varies with time t
seconds and follows the equation 6 = 9t*-2t>. Determine (i) the angular

velocity and acceleration of the fly wheel when time t = 1 second and
(i) the time when the angular acceleration is zero.
Solution:

(i) angular displacement 6 = 9t*-2t° radians.

angular velocity o =—= 18t — 6t°rad/s

Whentimet=1 second,
w=18(1) —6(1)2 = 12 rad/s

angular acceleration =— = 18 —12t rad/s’

when t = 1, angular acceleration = 6 rad/ s°

(if) Angular acceleration is zero =18 — 12t = 0, from whicht=1.5s

6.A boy, who is standing on a pole of height 14.7 m throws a stone
vertically upwards. It moves in a vertical line slightly away from the
pole and

falls on the ground. Its equation of motion in meters and seconds is

X = 9.8 t—4.9t* (i) Find the time taken for upward and downward
motions.

(i1) Also find the maximum height reached by the stone from the ground.

Solution:
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(()x=9.8t—4.9¢t

At the maximum heightv=0
v="=98-98t
v=0=t=1sec

.". The time taken for upward

motion is 1 sec. For each position x,

there corresponds a time ‘¢’. The
ground position is x =—14.7, since
the top of the pole is taken as x = 0.

11— Max. Hi.
I

5 =I:|'1— —

s =-147 I Ground

To get the total time, put x = —14.7 in the given equation.
ie,-147=98t-4.9=t=-1,3

=1t =-1is not admissible and hence t = 3

The time taken for downward motion is 3 -1 =2 sec’s

(i) When t = 1, the position x =9.8(1) -4.9(1) =4.9m

The maximum height reached by the stone = pole height + 4.9 =19.6 m

7. A ladder 10 m long rests against a vertical wall. If the bottom of the

ladder slides away from the wall at a rate of 1 m/sec how fast is the top
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of the ladder sliding down the wall when the bottom of the ladder is 6 m
from the wall ?

Solution:

We first draw a diagram

and lable it as in Fig.

¥y
&

Wall

——
o

Let x meters be the distance from the bottom of the ladder to the wall
and y meters be the vertical distance from the top of the ladder to the
ground.

Note that x and y are both functions of time .
We are given that‘;—’:: 1 m/sec and we are asked
To find
dt
When x = 6 m. Fig.
In this question, the relationship between x and y is given by the

Pythagoras theorem: x* + y* = 100

Differentiating each side with respect to t, using chain rule,

we have2xz—’:+ Zy%: Oand solving this equation for the derived rate we

. dy  xdx
obtaln,dt =%
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When x = 6, the Pythagoras theorem gives, y = 8 and so substituting

these

d
values and== 1,
dt
dy 6 _ _E
we get— = — 1) = " m/sec

The ladder is moving downward at the rate ofz m/sec

8. A car A is travelling from west at 50 km/hr. and car B is travelling
towards north at 60 km/hr. Both are headed for the intersection of the
two roads. At what rate are the cars approaching each other when car A

is 0.3kilometers and car B is 0.4 kilometers from the intersection?

Solution:
We draw Fig.
A X C
z nNY

B

Where C is the intersection of the two roads. At a given time t,
Let x be the distance from car Ato C,

Let y be the distance from car B to C and

Let z be the distance between the cars A and B

Where X, y and z are measured in kilometers.

We are given thatZ—f: —50 km/hr and

Y- _60 km/hr.
dt
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Note that x and y are decreasing and hence the negative sign.

We are asked
To find: Z—i.
The equation that relate x, y and z is given by the Pythagoras
theorem z° = x* + y*
Differentiating each side with respect to t,
dz dx dy dz 1 [” dx | dy®

we have 2z Py =N E_E}' i e X G ya};;
Whenx =03 and v =04 km, we get z= 0.5 km and we get

daz 1
=05 [03(-30)+04 (-60))=-78 km/hr.

I.e., the cars are approaching each other at a rate of 78 km/hr.

9.A water tank has the shape of an inverted circular cone with base
radius 2 meters and height 4 meters. If water is being pumped into the
tank at a rate of 2m3/min, find the rate at which the water level is rising
when the water is 3m deep.

Solution:

We first sketch the cone and label it as in Fig.

Let V, r and h be respectively the volume of the water,
The radius of the cone and the height at time t,

Where t is measured in minutes. Fig.
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We are given that Z—Z: 2m®/min. and
We are asked to find %When his 3m.

The quantities V and h are related by the equation V = %n r’h.

But it is very useful to express V as function of h alone.

In order to eliminate r we use similar triangles in Fig.

. r 2
To write C=

; 1 (h T
= =E} and the expression for I becomes V=§ T (E ]2 h= I i

Now we can differentiate each side with respect to 7 and we have
di 1 4 dh dah 4 drV

@ 4w 2 @t

Substituting i = 3Im andﬁ = 2’ Imin.

o pet, 2 = 2
we get, dr 'JT(3)2-

g
V= —
=or m/min

10. Find the equations of the tangent and normal to the curve y = x°
at the point (1,1).
Solution:
We have y = x;
Slopey’ =3x°
At the point (1,1), x = 1 and m = 3(1)* = 3.
Therefore equation of the tangent is y —y; = m(X —x,)
y—1=3(x—1)ory=3x-2

The equation of the normal isy —y, = — (X —X1)

m
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y—1:_?1(x—1)ory:_?1 x + %
11. Find the equations of the tangent and normal to the curve
y = Xx* — X — 2 at the point (1, —2).
Solution:
We havey = X* — X — 2;
Slope, m :Z—Z: 2x — 1.
At the point (1,-2), m=1
Hence the equation of the tangent isy —y; = m(X — X)
e, y—(-2)=x-1
le,y=x-3

Equation of the normal isy —y; :%(x —x1)

ie.,y—(-2)==(x—1)or

Differentiating w.r.to x we get,

y+xZ—z:O ory=—x-1
12. Find the equation of the tangent at the point (a, b) to the
curve xy = c’.
Solution:

The equation of the curve is x y = c*.

dy -y y —b
dx - x A= GPen =
Hence the required equation of the tangent is
—b
y-b=—(x-a)
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l.e,ay—ab=-bx+ab
bx + ay = 2ab or

x -y
—+ ==2
a b

13. Find equations of the tangent and normal at 8 = %to the curve
x=a(@+sinf), y=a (1+ cosb).

Solution:

We have;i—z =a(1+cosB) =2a COSZ%

d . .6 9
2 — —gsinf = —2a sin—cos~—
de 2 2

iy 2 6
Then — = <& -

dx dx mnz

de

) _ (dy _ o
~ slopem = (E)H% = —tan = -1

Also for 8 = % the point on the curve is (a % + a, a).

T

Hence the equation of the tangent at 8 = > IS
T

y—a=(—-1) [x—a(5+ 1)]
le.x+y= %an+2aorx+y—%aﬂ—2a= 0
Equation of the normal at this point is

T
y—a= (1)[x—a(g+ 1)]
Or x—y-— %an =0

14. Find the equations of tangent and normal to the curve

12
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16x° + 9y* = 144 at (x,,y1) where x; = 2 and y;>0.

Solution:
We have 16x? + 9y° = 144

(X1, y1) lies on this curve, where x; = 2 and y;>0
S (16 X4)+9yf=144 or
9yf =144-64=80

2 — 80
y1 =75
V80 V80
yi=1— .buty; >0 .y, =—
3 3
V80
. the point of tangency is (x1,y1) = (2, T)
We have 16x? + 9y? = 144
Fferentiati dy _ _32x_ _16(x
Differentiating w.r.to x we get = Ty (y)
V80 dy
=~ the slope at <2'T) = (E)<2@>
16,2 _ 8
9 T M8 3vF
3
th tion of thet ti 50 | (x —2)
. the equation of the tangentisy — —=———= (x —
q g y 3 35

On simplification we get 8x + 3 /5y = 36

Similarly the equation of the normal can be found as

9V5x—24y+14+/5=0
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15. Find the equations of the tangent and normal to the ellipse

x = a cos B at at the point 0 =%.
Solution:

At 9 = %,(xl,yl) = (acos%,b sin%) = (%,%)

a2

Y __ 4o b

Ty A= cotf
do

T
m=—cot—=—
a 4 a

o8’ =m/4
O N x

Thus the point of tangency is (

a b . —-b
N2 and the slope ism=—

The equation of the tangentis y — % = — S (x — %) or

bx +ay —abV2 =0

The equation of the normal is y — % = S(x — —) or

(ax — by)V2 — (a? = b?) = 0.
16. Find equation of the tangent to the parabola, y2 = 20x
Which forms an angle 45 with the x — axis.
Solution:

We have y? = 20x. Let (x4, y;) be the tangential point

Now 2yy'= 20 .'.y’zly—0

14
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ie., at (Xg, y) M =— - (1)
Y1

But the tangent makes an angle 45° with the x — axis.

.".Slope of the tangent m=tan 45° =1 ... (2)

From (1) and (2)
Do1o g =10
V1

But (x1,y,) lies on y* = 20x
= y# = 20x,
100=20x;0r x;=5
l.e., (x4, y1) = (5,10)and
Hence the equation of the tangent at (5, 10) is
y—10=1(x-5)
y=x+5,

17. Find the angle between the curves y = x* and y = (x — 2)* at the
point of intersection.
Solution:
To get the point of intersection of the curves solve the equation
We get X* = (x-2)*

Thisgivesx=1. Whenx=1,y=1
.".The point of intersection is (1, 1)

d
Now y = x? -:>£=2x

- m=(2)

=2
dx

(1,1) -

15
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dy
= —22 —:2 —2
y= (x—2) = (x—2)

dx (1,1)

¥

&

!
=

y =(x-2)

1 (1.1)

©0) /
Tan

y
If ¢ isthe angle between them, then

= X
2

4/3)

o

tanyp = |55 = |5
= = tan~! %
18. Find the condition for the curves ax* + by*= 1, a;x* + byy’= 1 to
intersect orthogonally.
Solution:
If (Xq, y1) is the point of intersection,

Then aX12 + by12: 1; a1X12 + b1y12:1

then, x? = ﬁ , yi= ﬁ (by cramer’s rule)
For ax’+by’=1,
_(dy _—ax
M2 = (E)(xmq) ~ byy-

For orthogonal intersection, we have mym, = -1,

This gives
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—axy\ [—ayxy aa,x?
( )( >= -1 or > = —1
by, biy1

aa;x? + bbyy? =0

=> aal(&)+bbl(&) =0

abl—alb abl—alb

dad; (bl — b) + bbl(a — a]_) =0

bl—b a—aq
=> =0
bb1 + aaq
1 1 1 1
Or —— =4 ——Z=0
b b1 + al a

Which is the required condition

19. Show that x> — y* = a® and x y = ¢ cut orthogonally.
Solution:

Let (x1,y1) be the point of intersection of the given curves

SoX2 —yi” = a’and xqy; = ¢

X2 —y? = @
=>2x —2v2 =0

d
dx y

@), =2
SMm = | — = —
' dx(mm) Y1

- xl
e, my =—
V1

17
BHARATHIDHASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKKONAM-12™ MATHS 6&10 MARKS

€€€€€¢€€eeeedececcecdceccececcececcececececcecececececcecceccececcececececcececees
€€€€€¢€ceececececceccecececceccecececceccceccececececcecccceccececececcecee

VVPVPVPVPVPIVIVIIIIIIIIIIIIIIIIIIIIIIIIIIVIVIVIVIIVIVIVIVYVYVYY



VOVPVPVPVPVIIVIVIIIIIIIIVIIIIIIVIIIIIVIIVIIIIVIIVIVIVYIVYVOYY

2 2

_ 2 _ e dy_ c
W=C =y =T =2 u T
. dy —c?
cmp=(g) =7

(x1,y1) 1
ie. m,= =<

- 2 x%

2 2 2
X1 —c —c —c

i = () () =55 = =
172 V1 x% X1Y1 c?

The curves cut orthogonally

20. Prove that the sum of the intercepts on the co-ordinate axes ofany

tangent to the curve x =acos’ 0,y =asin*0,0<0 Sg is equal to a.
Solution:

Take any point * 6 * as (acos* 6, asin* 6 )

NowZ—z: —4acos’ 0 sin 0;
AndZ—Z: 4asin’ 0 cos 0

dy sin2 0

“dx  cos?@

Slope of the tangent at ‘0’ is

sin® 6 .
(x —a cos*0)

—asin*9) = —
(y —asin* 9) p—

Or x sin® 6 + y cos? 8 = a sin® 0 cos? 6

X y —1
acos?0 a sin? 6

Hence sum of the intercepts = a sin® § + acos? 6 = a

21. Using Rolle’s Theorem find the value(s) of c.
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(i) f(x) =V1 — x2, -1<x <1

(ii) f(x) = (x—a) (b —X), a <x <b, a #b.
(i) f(x) = 2x°-5x*~4x + 3<x <3
Solution:

(i) The function is continuous in [-1,1] and differentiable in (-1,1).

f(1) =f (1) = 0 all the three conditions are satisfied.

’ 1 -2x _ —x
LYY T2VixZ  Vi-x2
f'(xX)=0=x=0.

(Note that for x = 0, denominator = 1 #0) Thus the suitable point for

which

Rolle’s theorem holds is ¢ = 0.

(i) f(x) = (x —a) (b —x), a <x<b, a #b.

f (X) is continuous on [a, b] and f '(x) exists at every point of (a, b).
f(a) = f(b) = 0 All the conditions are satisfied.

S (%) = (b—x) —(x —a)

f'(x) =0 =-2x = b —a =x :#

The suitable point ‘C’ of Rolle’s Theorem is C :#
(i) f(x) = 2x*-5x*4x + 3,<x <3

f Is continuous on E 3] and differentiable in G 3)

f(*2) = 0 = f(3). All the conditions are satisfied.

19
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f'(x) = 6x"—10x —4

f/(x)=0=23x*-5x2=0=Bx+1) (x—2)=0=x= —% orx = 2.
X = —§ does not lie in (%3)

.x =2 is the suitable ‘C’ of Rolle’s Theorem

22. Verify Rolle’s Theorem for the following:

(i) f(x) = x*-3x + 3 0<x <1

(i) f(x) =tan x, 0<x < 7

(iii) f) = | x |, —1<x<1

(iv) f(x) = sin®, 0<x< 7

(v) f(x) = e"sin x, 0<x< n

(vi) f(x) =x (x 1) (x —2), 0<x<L2

Solution:

(i) f(x) = x*-3x + 3 0<x<1

f is continuous on [0,1] and differentiable in (0,1)
f(0)=3andf(1) =1 ..f (a) #f (b)

.".Rolle’s theorem, does not hold, since f (a) = f (b) is not satisfied.
Also note that f'(x) =3x*-3=0=x*=1=x= *+1

There exists no point ¢ =(0,1) satisfying f '(c) = 0.

(i) f(x) =tan x, 0<x< 7«

f’(x) is not continuous in [0, = ] as tan x tends to + coat x :%

20
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.".Rolles theorem is not applicable.

(i) f(x) = | x|, "1 <x <1

fis continuous in [-1,1] but not differentiable in (—1,1) since f '(0) does
not exist.

.".Rolles theorem is not applicable.

(iv) f(x) = sin®x, 0 <X < =

f is continuous in [0, = ] and differentiable in (0, = ). f(0) =f (=) =0
(ie.,) f satisfies hypothesis of Rolle’s theorem.

f'(x) = 2 sin x cos X = sin 2x

f'(c)=0=sin2c=0=2c=0, =,2x,3x,
T 3m

=c=0—-,mT,—, ...
2 2

since ¢ :%E (0, ), the suitable ¢ of Rolle’s theorem is ¢ :%

(v) f(x) = €'sinx, 0 <x < 7t

e*and sin x are continuous for all x, therefore the product e*sin x is
continuous in 0 <x <.

f '(x) = *sin x + €*cos x = e*(sin x + cos X) exist in 0 <x <«
=f'(x) is differentiable in (0, = ).

f(0) =e’sin0=0

f(x)=e"sin £=0

.".f satisfies hypothesis of Rolle’s theorem

Thus there exists c& (0, =) satisfying f '(c) = 0 =e°(sinc + cosc) =0
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=e=0orsinc+cosc=0

= 0 =c¢ = —oowhich is not meaningful here.

=sinc = S;n Z:—l =tanc = -1 = tan 37”

=C :37” is the required point.

(vi) f(x) =x (x 1) (x —2), 0 <x <2,
f is continuous in [0,2] and differentiable in (0,2)
f(0) = 0 = f(2), satisfying hypothesis of Rolle’s theorem
Nowf'(X)=(x-1) (x-2)+x(x—2)+x(x-1)=0
1

2_ = + _
=23Xb6x+2=0=>x=1 NG

The required ¢ in Rolle’s theorem is 1 Le (0,2)

_\/‘
23. Apply Rolle’s theorem to find points on curve
y =—1+ cos X,

where the tangent is parallel to x-axis in [0, 2 = ].
Solution:

f(x) is continuous in [0,2 = ] and

differentiable in (0,2 )

f (0) =0 =f(2 = ) satisfying hypothesis

of Rolle’s theorem.
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¥
& m n

. ' . » X
(0.0)
11

2 @-2)

Now f'(X) =—sinx=0=sinx=0
x=0, 7,27m,...

= n,istherequiredcin (0,27 ). Atx= n,y=-1+cos n=-2.
=the point ( 7z ,—2) is such that at this point the tangent to the curve is
parallel to x-axis.
24. Verify Lagrange’s law of the mean for f(x) = x° on [-2,2]
Solution:

f is a polynomial, hence continuous and differentiable on [-2, 2].
f(2)=2°=8;f(-2)=(2°=-8

f(x) = 3x*=f '(c) = 3¢?

By law of the mean there exists an element ¢ (-2, 2) such that

f '(C) :f(b)—f(a)

b—a
—3c2 =8 (=8) _
2 _ 4 _ 42
l.e.,,C = 3:>C = -7
red °C" 2 and 2
The required ‘c’ in the law of mean are NG and NE

both lie in [-2, 2].
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25. A cylindrical hole 4 mm in diameter and 12 mm deep in a metal
block is rebored to increase the diameter to 4.12 mm. Estimate the
amount of metalre moved.

Solution:

The volume of cylindrical hole of radius x mm and depth 12 mm is given
by

V=fx)=12 7 x°

=f'(c)=24rc.

To estimate (2.06) —f(2) :

By law of mean,

f(2.06) —f(2) = 0.06 f '(c)

=0.06 (24 = c),2<c<2.06

Takec=2.01

f(2.06) —f(2) = 0.06 X24 x X2.01

=2.89 © cubic mm.

26. Suppose that f(0) =—3 and f '(x) <5 for all values of x, how
large can f(2) possibly be?

Solution:

Since by hypothesis f is differentiable, f is continuous everywhere.

We can apply Lagrange’s Law of the mean on the interval [0,2].

There exist atleast one ‘c’ (0, 2) such that

f(2) —(0) = 1'(c) (2 -0)
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f(2) =f(0) + 2 f'(c)

=-3+2f'(c)

Given that f '(x) <5 for all x. In particular we know that f '(c) <5.
Multiplying both sides of the inequality by 2, we have

2f '(c) <10

f2)=-3+2f'(c)<3+10=7

I.e., the largest possible value of f(2) is 7.

27. It took 14 sec for a thermometer to rise from —19° C to 100° C
when it was taken from a freezer and placed in boiling water. Show that
somewhere along the way the mercury was rising at exactly 8.5° C/sec.

Solution:

Let T be the temperature reading shown in the thermometer at anytime t.
Then T is a function of time t. Since the temperature rise is continuous
and since there is a continuous change in the temperature the function is

differentiable too.
.". By law of the mean there exists a ‘t,’ in (0, 14)

such that
T(tZ)_T(tl): T I(to)

to—t1
Here T'(ty) is the rate of rise of temperature at C.
Here t,—t; = 14, T(t,) =100 ; T(t;) =—19

100+19 _
14

T'(t) = 11149 = 8.5C/sec
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28. Obtain the Maclaurin’s Series for
1) €°2) loge(1 + x) 3) arc tan x or tan 'x
Solution:

(1) f(x) = e*; f(0)=e’=1

f'(x)=¢e% f'(0)=1

fr(x)=e" f"(0)=1

f(x)=¢€e=1 +% + ’;—? + 9;—? + ---holds for all x
(2) f(x) = loge(1 + x) : f(0) = logel =0

F/(0) =——f(0) = 1

f1(x) = £ (0) = —

(1+x )2 ’

1.2
f m( ) _(1+ )3 : - f m(o) 21

fHH( ) fHH(O) __(3|)
21x3 3!x4
f(x) = loge(1 + X) = 0+—'——+ TR
XZ x3 X4
X—7+?—T...—1 <x<1.

(3) f(x) = tan'x ; f(0) = 0
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1
14x2

fr)=—==1-x+x"=x"....;f(0)=1=1

fr(x) = —2x + 4x°— 6x° ....;f"(0) =0

fr(x) =—2+12x° —30x* ....; f"'(0) = -2 = —(2))
fY(x) = 24x —120x .... ;f “(0) = 0

fY(x) = 24 -360%" .... ;f Y(0) = 24 = 4!

Ao+t 422 _2,340,4 M5
tan X—0+1!x+2!x 3!x +4!x +5!x + .-,
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x3 x5 -
=x—?+?—~-holds in|x|<1.

x
tam x

Example 5.29 : Evaluate - 1m
x—0
- X
Solution : lim
x—=0 tan x

isofthetype%_

Example 5.30 : Find  [Iim
x —»+ 0 tan

1 if exists

X

. 1
Solution : Let v = . Asx—wm y—0

1

- COs5 X

oo T 2 - ) = (=2
o, (=27 n ( )} x (=2)

x—= 2
Note that here /"Hopital 's rule, applied twice yields the result.
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[

Example 5.32 : Evaluate : [im =

r— @
1
Solution : — 15the t}'IJE —
&
=
oY x 22
im —=1Im —=1Im —J=—7=0
¢ é e @
=@ r—=+@ r—=+ @

S

Example 5.33 : Evaluate - lm (cusec X— J—lr

—0

. 1
Solution : m [cnsec S J 15 of the type ©w- x.

—0
R,
—=0 =0 ) =0
l-cosx ( 0 J SI0Y
x_mﬂiﬂl’*'ICﬂSI o fpe x_}ﬂcnsx+c05x xsinx
0
. 50X
Example 5.34 : Evaluate - 1m (cot x)
—10
) si0 X 0
Solution : 1M (coty)  is of the type @@ .
—=0
S X

Lety = (cotx) = logy=smx log (cot x)

lim (logy) = Im sinx log (cotx)
—=0 =+
= lm log (cotx) 15 of the typei

COseC X
x— 0
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Applying I'Hopital s rule.

1 2
. cobx (— cosec™ x)
log (cot x) _ lim

cosec X —cosecx cotx

x—0

te. lm Jogy =0
i—= 0

By Composite Function Theorem. we have

=0 x—=0 . x— 10
Caution : When the existence of lm fx) is not known. log { lim _}‘{x)} 15
x—a X—+a )
meaningless.
i S
Example 5.35 : Evaluate lm
—=0+

. ] ST 0
Solution : hm 15 of the form 0"
x—= 0+

ST
Lety=x = logy=smxlogx
Note that x approaches 0 from the night so that log x 15 meamingful

log x

ie. logy = cosec X

: . | ]
lim jogy = lm _Dgi- wlﬁchisofthetypef.

Applying 1" Hopital s rule,

m:lﬂgi—lim *

x_}0+cosec X x_}ﬂ+—ccsecxcctx

I
. —smx
lim

0
XCosX (Of the type ﬂ,)

—=0+
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: 2sinycosx
_ ]y -=Smrcosx

r—s 0+ X SN X —COSX

je, lm logy =10
—0+

By Composite Function Theorem, we have
0= Im jogy=Jog Im y = hm y=eﬂ=1
=0+ x—0+ x—0+
Example 5.36 :
The current at time 7 1n a co1l with resistance R, mductance L and subjected
-Ei ’
()
to a constant electromotive force E1s given by 1=73 \l-e L ) Obtaina

suttable formula to be used when R 1s very small.

Solution :
(1T
: E\1-el 0
;ﬂ”ﬂ i= lim = (isofthe type )
R—=0
—hRt
ExT e
Et Et
= [im f=32‘;« {im i=fi5thﬂsuitahlefoﬂnula_
R—=0 R—=0

Example 5.37 : Prove that the function £ (x) = sin x + cos2x 15 not monotonic on
the interval {nj ﬂ |

Solution : Letfix) = smx+cos 2x
Then f'(x) = cos x— 2sin 2x
Now f'(0)=cos0-2sin0=1-0=1=0

el s
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It !
Thus /' 15 of different signs at ( zmda Therefore f15 not monotonic 'Dﬂ|:[]', ﬂ

Example 5.38 : Find the mtervals n which f{x) = 2 +2F D is HICTEAsIng
and decreasing

Solution : £'(x)= 6 +2r-20 =23x* +x-10) =2 (++2) (3r9)

Now f'(x) = 0 = x =-2, andx=3/3. The values - 2 and j.-'j divide the real
line (the domain of fx) into intervals (<. 2), (- 2, 5/3)and (5/3, @) .

Y
= 4

Example 5.39 : Prove that the function ffx) = +? = x+ 1 is neither increasing nor
decreasing m [0.1]

Solution : flx)= Yoy 41
fllx)=2x-1

1 1 . . ]
f'x)20 forx=75 1e. x e [E* 1} ©. fix) 1s Increasing on [E* 1}
Alsof'(x) <0 forx < é:> X c[ —| Also f'(x) 1s decreasing on {0 ﬂ

Therefore in the entire interval [0,1] the function f(x) is neither
Increasing nor decreasing.

Example 5.40: Discuss monotonicity of the function

f(x) =sin x, x € [0, 2x]
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The points where the tangent to the graph of the function are parallel to
the x — axis are given by f '(x)= 0, ie., when x = 2, 3 Now f(2) = 29 and
f(3) = 28.

Therefore the required points are (2, 29) and (3, 28)

Example 5.43 :

Show that fix) = tan~! (sin x + cos x). x = 0 1s a strictly increasing functi
. . T
in the interval [01 Z) :

Solution :  flx) = tan_ltsin X+ COS X).

1 . COS ¥ — Sinl x
f’(-‘f) = ] 3 (cos x —sin xX)= W =)
1 +(sinx+cosx) = =

. . . ( 0
since cos x—sin x = 0 in the interval kll 1

and 2 + sin 2x = 0)

A
R

. fix) 1s strictly increasing function of x in the interval (O ;
Example 5.44:

Prove that
e>1+xforall x>0.

Solution: Let f(x) =e*x—-1=f" (x)=e*~1>0forx>0

I.e., fis strictly increasing function. .".for x > 0, f(x) >f(0)

e, (x-1)>(-0-1);e>x+1
Example 5.4:

Prove that the inequality (1 + x)"> 1+nx is true whenever x > 0 and
n>1.
Solution: Consider the difference f(x) = (1 + x)n —(1 + nx)

Thenf’” (X) =n(1 + x)n-1-n=n[(1 + x)n—-1-1]
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Sincex>0andn—-1>0, we have (1 +x)n-1>1,s0f" (x)>0.
Therefore f is strictly increasing on [0, o).

For x > 0 =f(x) >f(0) e, (L+x)n—(1+nx)>(1+0)—(1+0)
e, (L+x)"~(L+nx)>0i.e., (1+x)"™>(1+nx)

T
, =

Example 5.46: Prove that sin x <x < tan X, x(O 2)
Solution:

Let f(x) = x —sin X
f/ (x)=1- cosx>0for0<x<

. fis strictly increasing.
For x > 0, f(x) >f(0)
=X —sin X > 0 =X > sin x (1)
Let g(x) = tan x —Xx
g’ (X) =sec2x —1 =tan2x >0 in (0%)
.".g is strictly increasing
For x > 0, f(x) >f(0) =tan x —x > 0 =tan x >x ---(2)

From (1) and (2) sin x <x < tan x

Example 5.47: Find the critical numbers of x*° (4 —x)
Solution:

flx) = 4x°ls — x%/s

ey =%x"ls—2xs
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:gx_Z/S (3 — 2x)

Thereforef” (x)=0if3-2x=0i.e., ifx :%. f’ (x) does not exist when
x=0.
Thus the critical numbers are 0 and%.

Note that if f has a local extremum at c, then c is a critical number of f,
but

not vice versa.

To find the absolute maximum and absolute minimum values of a
continuous function f on a closed interval [a, b] :

(1) Find the values of f at the critical numbers, of fin (a, b).

(2) Find the values of f (a) and f(b)

(3) The largest of the values from steps 1 and 2 is the absolute maximum
value, the smallest of these values is the absolute minimum value.

Example 5.48: Find the absolute maximum and minimum values of the
function. f(x) = x>—3x*+1, —1%£x <4
Solution: Note that f is continuous on (1 % 4)

f(x)=x*-3x" +1
f'(x) = 3x*—6x = 3x (X —2)

Since f '(x) exists for all x, the only critical numbers of fare x =0, x = 2.
Both of these critical numbers lie in the interval (—%,4)Value of f at
these critical numbers are f(0) = 1 and f(2) = —3.

The values of f at the end points of the interval are

- (e

and f4)=4°-3x 42+1=17
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Comparing these four numbers, we see that the absolute maximum value
iIs f(4) = 17 and the absolute minimum value is f(2) = 3.

Note that in this example the absolute maximum occurs at an end point,
where as the absolute minimum occurs at a critical number.

Example 5.48(a): Find the absolute maximum and absolute minimum

values of
f(x) =x —2sin X, 0 <x <2 7t .
Solution: f(x) =x —2 sin x, is continuous in [0, 2 « ]
f'(x)=1-2cos x
1 5
f'x)=0 =cosx =5 = x=% or 3-

The value of f at these critical points are

M) _ T S S
f(3_J:3—25”13—3—\f3

Sy 5 Y
f(;) =Tﬂ — 2 sin ;
5

= 6.968039

The values of f at the end points are f(0) =0 and f(2 = ) = 2 = ~6.28

1 . . . A(m T
Comparing these four numbers, the absolute minimum is f L:J =% —+f3and
3 3

. : St St .
the absolute mavimum is f (Tj =3+ /3. In this evample both absolute

minimum and absolute maximum occurs at the critical numbers.

Let us now see how the second derivatives of functions help determining
the turning nature (of graphs of functions) and in optimization problems.
The second derivative test : Suppose f is continuous on an open interval
that contains c.

(@ Iff'(c)=0andf" (c) >0, then f has a local minimum at c.

(b) Iff' (c) =0and f"'(c) <0, then f has a local maximum at c.
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Example 5.49: Discuss the curve y = x*—4x> with respect to local
extrema.

fla) =" - 4

() = 4¢° = 12x% . f"(x)=12x* — 24x
Example 5.50: Locate the extreme point on the curve y = 3x2 —6x and

determine its nature by examining the sign of the gradient on either side.
Solution: Following the above procedure

N 22 o v
(i) Since v =3x~ — 6x. i 6x —6
. . . dy
(i) Ata stationary point. 5-= 0. hence x =1

(i) When x = 1. v = 55(1)2 — 6(1) = — 3. Hence the coordinates of the
stationary point is (1. — 3).

If x 15 slightly less than 1, say 0.9, then i, =6(09)-6=-0.6<0.

. dy
If x 1s slightly greater than 1. say 1.1 then (—f}—( =6(1.1)-6=0.6>0.

Since the gradient (slope of the curve) changes its sign from negative to
positive (1, —3) is a minimum point.

Example 5.56: Show that the volume of the largest right circular cone
that can be inscribed in a sphere of radius a is827 (volume of the
sphere).

Solution: Given that a is the radius of the sphere and let x be the base
radius of the cone. If h is the height of the cone,
then its volume is
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%TE.T' (a+v) (1)

where OC =y so that height i=a+y.
. 2 7 g
From the diagram x- + 3y~ = g~

Using (2) in (1) we have

=37 (a* —_1'2) (a+vy)

For the volume to be maximum:

1
V'=0 = 37 [a* - 2ay — 3}'1] =0

— 3y =+a oI y=—qa

a . _
— y=73 andy= —ais not possible
2 ]
Now V'=-n3(a@+3y) <0 at y=3

: . a . )
. the volume is maximum when y = 3 and the maximum volume is

%,-[ y % (a +%a] = % (% naj) = % (volume of the sphere)

Example 5.57: A closed (cuboid) box with a square base is to have a
volume of 2000 c.c. The material for the top and bottom of the box is to
cost Rs. 3 per square cm. and the material for the sides is to cost Rs. 1.50
per square cm. If the cost of the materials is to be the least, find the
dimensions of the box.

Solution:

Let X, y respectively denote the length of the side of the square base and
depth of the box. Let C be the cost of the material
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Area of the bottom = X

Avrea of the top = x°

Combined area of the top and bottom = 2x°

Area of the four sides = 4xy

Cost of the material for the top and bottom = 3(2x2)
Cost of the material for the sides = (1.5) (4xy) = 6xy
Total cost C = 6x2 + 6xy ---(1)

Volume of the box V = (area) (depth) = x2y=2000 ---(2)

. ) > 12000
Eliminating y from (1) & (2) we get C(x) = 6x~ + . ...(3)

where x = 0. 1e.. x € (0.+ ) and C(x) 1s continuous on (0. + =0).

12000
C'(x)= 12x ———

C'(x) =0 = 12x° - 12000 = 0 = 12(+*-10%)=0
— x =10 or ¥ +10x+100=0

¥+ 10x + 100=0 is not possible

. The critical numbers 1s x = 10.

24000 24000
Now C(¥)=12+= 3~ 1 C"(10)=12+T555°=36>0

C 1s minimum  at (10.C(10)) = (10, 1800) .-. the base length 1s 10cm and

depth is,r=%= 20 cm.
Example 5.58:

A man is at a point P on a bank of a straight river, 3 km wide, and
wants to reach point Q, 8 km downstream on the opposite bank, as
quickly as possible. He could row his boat directly across the river to
point R and then run to Q, or the could row directly to Q, or he could
row to some point S between Q and Rand then run to Q. If he can row at
6 km/h and run at 8 km/h where should he
land to reach Q as soon as possible ?
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Solution :
Let x be the distance from R to S. Then the
running distance 1s 8 — x and the distance
. . distance
PS=7/x*+9 . We know that time = “rate
Then the rowing time
7
x“+9 L 8 —x
R.= £ and the running time », = ( )
t 6 = t 3
| ¥ +9 (8 —
Therefore the total time 7'=R, +r, = 3 + ( 3 ) . 0=x<8.

Notice that if ¥ =0, he rows to Rand if x=28 he rows directly to O.

1

T'x)=0= T'(x)= -g = 0 for critical points.

r2+9
4y = 3\x* +9
16x* = 9 (x* +9)

7y = 81

9 . 9 . .
> x= NG since x =— NG is not admissible.
The only critical number is x = % . We calculate T at the end point of the

: 9
domain 0 and 8 and atx= ﬁ .

9 7 73
T(0) = 1.5, T(ﬁ ) =1+38£x 1.33J{11(1T(8)=36E ~ 142

. 9
Since the smallest of these values of T occurs when ¥ = W . the man

9 : .
should land the boat at a point ﬁ km (= 3.4 km) down stream from his starting

point.
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Example 5.59:

Determine the domain of concavity (convexity) of the curve
y =2
Solution: y = 2 —x°
y =-2xand y =-2<0forx €R
Here the curve is everywhere concave downwards (convex upwards).

Example 5.60:
Determine the domain of convexity of the function y = €.

Solution : y = €*; y" = ex > 0 for x
Hence the curve is everywhere convex downward.

Example 5.61 : Test the curve y = x4
for points of inflection.

Solution : V= ¥t

,
3 = 12¢v*=0forx=0
andy" >0 forx<0andx >0

Therefore the curve is concave upward and ¥~ does not change
signas y(x) passes through x = 0. Thus the curve does not admit any
point of inflection.
Note : The curve is concave upward in (—o, 0) and (0, o).
Example 5.62 : Determine where the curve y = x3 —3x + 1 is cancave
upward, and where it is concave downward. Also find the inflection
points.
Solution :

f(x) = x*3x + 1

f'(x) = 3x*-3 = 3(x*-1)
Now f "/(x) = 6x
Thusf” (x) >0whenx>0and f" (x) <0whenx<0.
The test for concavity then tells us that the curve is concave downward
on (-2, 0) and concave upward on (0, o). Since the curve changes
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from concave downward to concave upward when x = 0, the point (0,
f(0)) i.e., (0, 1) is a point of inflection.
Note thatf " (0) =0

Example 5.63 :
Discuss the curve y = x*~4x® with respect to concavity and points

of inflection.
Solution :

f(x) = x4 —4x3 =f ' (x) = 4x3 —12x2

f" (X) = 12x2 —24x = 12x (x —2)
Since f " (x) = 0 when x = Qor 2, we divide the real line into three
intervals.

(—<2, 0), (0, 2), (2, =) and complete the following chart.

Example 5.64 : Find the points of inflection and determine the intervals
of convexity and concavity of the Gaussion curve y = e—x°

Solution:
yI: —ZXQ_XZ, yII: 2efX2(2X2_1)

(The first and second derivatives exist everywhere). Find the
values of x for whichy"’=0

267 2" —1)=0

'T:_ﬁ' or x =

1
when x < — T we have '
2 .

Sl

L B
=

1
>0 and when x > — N have y" <

The second derivative changes sign from positive to negative when
passing
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: 1 1 . . . .
through the pomt x = - $ . Hence, forx=- ﬁ . there 1s a pont of inflection

1
. . 1 -5
on the curve; its co-ordimates are (—$ . @ )

1 1
len x < —= we have v'' < 0 and when x > —= we have v'' = 0 . Thus

el

there 1s also a point of inflection on the curve for x = E  its co-ordinates are

|
| : : : . :
{E : 2]. (Incidentally. the existence of the second point of inflection follows

directly from the symmetry of the curve about the y-axis). Also from the signs
of the second dertvatives. 1t follows that

Example 5,65 :

Determine the pomts of mflection if any. of the function
l1f=13—3.1'—2
Solution : ¥ =P -3 42

%l=3x2—3=3(.1'—1)(x—1)

"
&y
—S=0=0>x=0
dy’
&y
Now p (-=0.1)=6(-0.1)<0and
X
&y | .
;‘g (0.1) = 6(0.1) = 0. In the neighbourhood (- 0.1. 0.1)
3

of 0. v"" (= 0.1) and v"(0.1) are of opposite signs. Therefore (0. v (0)) ie..

(0. 2) 1s a point of inflection.
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for —m=x<-— _\F’ the curve is concave upward :

1 1 .
for - = <x<—= the curve is convex upward :
A2 A2

1 :
for \j__2 <x < the curve is concave upward.

Example 5.66 :
Test for points of inflection of the curve y = sinx, x (0, 2 )

Solution : y* = cosx

y =-sinx=0=x=nz,n=0, +1, +2, ..

sincex €(0,2x),x= = corresponding ton=1.

Nowy" ’ (9=)=-sin(.9x)<0and

y" 7 (L.1x)=-sin (1.1 =) >0sincesin (1.1 =) is negative

The second derivative test confirms that (=, f(x)) = (=, 0) is a point of

inflection.

DIFFERENTIAL CALCULUS-APPLICATION-I
EXERCISE SUMS;
Exercise 5.1

(1) A missile fired from ground level rises x meters vertically upwards in
T seconds and x = 100, - %tz . Find

(i) The initial velocity of the missile,
(if) The time when the height of the missile is a maximum

(iii) The maximum height reached and
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(iv) The velocity with which the missile strikes the ground.

Given (known) : upward displacement in time t sec
x (t) = x 100t -%tz

(i) Initial velocity = (‘;—t) [i.e , =] att=0
t=0

dx
Now — = 100 - 25,

initial velocity = 100 - 25 x 0 =100m/s
(i) At the maximum height velocity, j—)t( = 0

100 — 25, = 0.thisgivest = 4sec
(ilf) maximum height reached = heightat t = 4
= X(4)

100x4-§ X 16
= 400-200 =200

Hence the maximum height reached = heightatt=4

(iv) When the missile reaches the ground, the height x =0

This implies 100t -2t> =0

This gives the value of t=0 or 8

t = 0 is not admissible

Taking t = 8sec., velocity of the missile when it reaches the ground is

dx
(—) =100—-25x8 = —100m/s
dt t=8
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(2) A particle of unit mass moves so that displacement after t secs is

given by
X =3 cos (2t — 4). Find the acceleration and Kkinetic energy at the end of
2 Secs.

[K. E = %mv2 ,m is mass]

Given: Displacement of a particle after t sec,
X(t) = 3cos (2t-4)

Mass of particlem =1

Velocity v = 3—): = —6sin(2t—4)

2
Acceleration a = % = -12cos (2t - 4)

Velocity at the end of 2sec. = (j—’t() , = —12cos(4 —4) = —12
t=

Kineticenergy K.E = % X mass X square of velocity

rI’IXV2

x1x0 =20

Nl N

(3) The distance x meters traveled by a vehicle in time t seconds after
the brakes are applied is given by : x = 20 t — 5/3t. Determine

(i) The speed of the vehicle (in km/hr) at the instant the brakes are
applied and

(ii) the distance the car travelled before it stops.

given : The distance travelled by the car after the brakes are applied
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X(t) = 20, -2t
(i) At the instant when the brakes are applied t = 0

=~ required velocity = (3—1{)
t=0

Now & = 20 -2 ¢t=20att=0
dt 3
= The speed of the vehicle when the brakes are applied = 20 m/sec
20 x 3600 — 77 km/hr
1000

(i)  When the vehicle stops velocity = 0
This implies 20 - %t =0
This gives t = 6sec
Thus the vehicle stops at the end of 6 seconds

The distance travelled before it stops is
X(6) = 20x6-2 x 62 = 60m

(4) Newton’s law of cooling is given by 6=0,°e Xt  where the excess of
temperature at zero time is6,° C and at time t seconds is6°C. Determine
the rate of change of temperature after 40 s, given that
0p=16° Cand k=-0.03. [el?=3.3201)
Given: temperature at t sec. 0,°e Xt
0p° = 16°C
k = -0.03

Rate of change of temperature is

deo

= —kby°e™™
dt 0
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(d—g) = —(=0.03) x 16 x e~(-0-03)x 40
dt/ t =40

= 048xe!? =0.48x3.3201 = 1.5936°C —s
(5) The altitude of a triangle is increasing at a rate of 1 cm / min while
the area of the triangle is increasing at a rate of 2 cm?/ min. At what rate
Is the base of the triangle changing when the altitude is 10 cm and the
area is
100 cm?.
Solution : let b cm and h cm respectively denote the base and altitude

of given triangle ABC at time t min . then the area of triangle is

A =< bh
2
Given: % = 1lcm /min
da
dt
Initially when h = 10 and A = 100 we have

. . db
= 2cm2/mm.tofmda =7

100 = % x b x10
~b=20cm

db dA dh
h2 = 2x2—p =
d dt bdt

db 2 dA b dh
or &% = 1¢ " rw

_ 2 _ 20
= o x (2) 1Oxl

4 20
=22 - .1
10 10 6
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The base of the triangle is decreasing at the rate of 1.6 cm / min.

(6) At noon, ship A is 100 km west of ship B. Ship A is sailing east at 35
km/hr and ship B is sailing north at 25 km/hr. How fast is the distance
between the ships changing at 4.00 p.m.?
solution:

The given situation is described a=in the fig. 5.2 and 5.3

let P and Q be the initial positions of the ships A and B
respectively
After 4 hours,

Let x be the distance between Q and A, Y be the distance between
Q and B and z be the distance between the ships (i.e., AB)

Now z? = x? + y?
_ dz dx dy
2z = e 2X x T

We know that 3—’; = speed of ship A = 35

dy
dt

Whent=4, x=40,y =100
andz=./x2 + y2 = 402 + 1002 = 20V9
(1) =20.V9 & = 40x35+10x25

= speed of ship B = 25

dz _ 195
dt V29

l.e., the distance between the ships changing at the rate of %km/ hr
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(7) Two sides of a triangle are 4m and 5m in length and the angle
between them is increasing at a rate of 0.06 rad/sec. Find the rate at
which the area of the triangle is increasing when the angle between the
sides of fixed length is =/3.
solution

Given triangle be ABC. Then we have b = 5cm, ¢ = 4cm
Let 6 be the angle between AB and AC in radians at time t.

We are also given

do
dt

0.6 rad/sec. If A be the area of triangle at time t. To find i—f when

- T
0 = 3
We know that area of A ABC
A= % bc sin@
dA 1 de
= = (E bc) cosf o

da _ 1 i
(E)9=R/3 =5 x 5 x 4 xcos S X (0.06)

= 0.3m?/sec.
(8) Two sides of a triangle have length 12 m and 15 m. The angle
between them is increasing at a rate of 2°/min. How fast is the length of
third side increasing when the angle between the sides of fixed length is
60 °?

solution
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If AB and BC are the given sides then we have
AB=c=12mand
BC=a=15m

let 6° be the angle between AB and BC in time t minutes

de . L .
Then -~ = 2°/min = %rad/mln

To find i—lt’ when 6 = 60°
We know that b% = ¢2 + a2 — 2accos®

2bﬁ = O+O—2ac(— sinf ﬂ)
dt dt
db __acsin 0 doe

dt b dt
Whena =15,c =12 and 6 = 60°,

b% =12%+ 152 — 2x15x 12X cos 60°

=369 - 180
=189
db 180 x @ X %
(—) = m/min
dt/g=60° \/189
T .
= —m/min

V63
(9) Gravel is being dumped from a conveyor belt at a rate of 30 ft3/min

and its coarsened such that it forms a pile in the shape of a cone whose
base diameter and height are always equal. How fast is the height of the
pile increasing when the pile is 10 ft high?

Solution
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Let r, h respectively denote the base radius and height of a cone of

volume V, at time t min . Then we are given that 2r = h
To find % when h = 10 ft and i—: = 30 ft3/min.

1
Volume of cone V = gnrzh

= 1n(®) h= 5 o)

dv i 2 dh
— = — x3h°—
dt 12 dt
dv
Lo Ay
dt 1th?
dh 4x30 12 6 :
(—) = = = —ft/min.
dt mx 100 10T 51

= The height of the cone is increasing at the rate of %ft/ min.

EXERCISE 5.2

1. Find the equation of the tangent and normal to the curves
Solution:
Equation of the tangent and normal at (x,y;) are

y—y1 =m(x —xqg)
1
Y=Y ——E(x—xﬂ

dy
where m = (—)
dx

Given:y=x?>—4x—5;atx = =2
y=(-2)*-4(-2)-5=7
~ (X, 31) = (=2,7)
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dy
— =2x—4
dx x
dy
m=(—) —2(=2)—4=-8
dx (=2,7)

Equation of the tangentisy —7 = —8(x + 2)
e, 8x+y+9=0
Equation of the normal isy — 7 = —%(x + 2)

e, —x+8y—-58=0

I
o

or x — 8y + 58
i) we have y = x —sinxcosx and x = %

. m T [
..y_2 s1n2.cos2

(x1,y1) = (%,%)
To find the equations of the tangent and normal at (%%)

d
m = (—y)=1—cosn=1—(—1)=2
dx

Equation of the tangent at (E,E) IS

T T

Equation of the normal is y — - = —%(x — %)

Orx+2y—37n=0
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iii) y = 2sin® 3x andxz%
—Zsinz—n—Z Whenx—E
Y= 6 ~6
- (T~
(x1,¥1) = (6, 2)

d—i}= 6sin 6 x

(@
m=(=—

e
In this case the given curve has a horizontal tangent with
y =2 (sincey=y;) and

The equation normal is

x = = (since x=x,)
. 1+sin x T
(IV) Yy = cosx ' 4
i’
14 sin—
cos 7
d
—y=secx,tanx+sec2x
dx
d
m=<—y) =v2.14+42=2++2
(5.0

Equation tangent is
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y-(2+1)=(2+2)(x-7%)
(2+\/§)x—y+(\/§+1—(2+\/§)%)=0

Equation of normal is

y_(ml):(“;ﬁ)(x_g)

(2) find the point of x? — y? = 2 at which the slope of the tanget is 2.
Solution :
Given x? —y% = 2;slopem = 2

Let (x;,y;) be the point on the curve such that

() =

dx(myﬂ

Now 2x — 2y =0
d X
(—y) =2 =>-"1=2
dx(hyﬂ Y1

X1 = 2y,
(x1, y)lieson x? —y% = 2
y y
x{ —yf =2
~(2y1)* = yi =2

2
Or Y%=§
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When 1y, = \/gﬂﬁ =2 \E
2

When y1=—\ﬁ =—2\/—7

e (2 ) wna(2 - )

3. Find at which points on the circle

2 — y? = 13 the tangent is parallel to the line 2x + 3y = 7
Solution:

Given: x?2 —y? =13

Let (x1,y1) be the point such that the tangent is parallel to 2x +
3y =7.
2

Then (z_i:)(xlﬂ"l) E

Now 2x+2y 3—2: =0

dy  x
dx vy
XX
yioy
2
x1:3y1
This lies on x? — y? = 13
xlz —y12 =13
2 Vo,
<§Y1) +yi =13
13y? =9 x 13
Vi=+ 3
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~The point are (2,3)and(-2,-3)

4. At what points on the curve x? + y> —2x —4y + 1 = 0 the
tangent is parallel to (i) x-axis, (ii) y-axis.

Solution:
Givenix? +y? —2x—4y+1=0 ... (1)

Diff.w.r.t x,

2x+2yL—2-42=0

dy
(y )l = X

dy 1—x
dx y—2

given that tangent is parallel to x-axis

dy
o—=20

dx

1—x
=> =0 =>x=1
y—2
Whenx=1 (1)=>y?> -4y =0

=>y(y—-4)=0

=>y=0o0ry=4%
Therefore the points are (1, 0) and (1, 4)

given that tangent is parallel to y-axis

dy y—2
o—=0=> =
dx 1—x
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Wheny=2, (1)=>x*>-2x—-3=0
=>(x—-3)x+1)=0
=> x=3o0r=-1
Therefore the points are (3, 2) and (-1, 2)

5. Find the equations Of those tangents to the circle x? + y? = 52,
when are parallel to the straight line 2x + 3y = 6.

Solution:
Given circle : x? + y%2 = 52

Diff.w.r.t.x,

—X

2x+2y3—i=0 %27

Let (x4, y;) be the tangential point.

At (x1,v1), slope of the tangent is m; = Z—Z = _y—xl ...... (1)
1

Slopeoftheline2x+3y—6=Oismz=_7a=_?2 ....... (2)

Since the tangent is parallel to the line, m; = m,

X1 -2

From (1) & (2) _y—l =

. 3x1
e,y =—
9x?
2 1
+—=752
X1 4
13x? = 208
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The points are (4, 6) and (-4, -6)
Therefore slope of tangent is m = _?2
Equation the tangent at (4, 6) isy — 6 = _?2 (x —4)
3y—18=—-2x+8
2x +3y—26=0
Equation the tangent at (-4, -6) is y + 6 = _?2 (x+4)
3y+18 =—2x—8
2x+3y+26=0
6. Find the equation of a normal to y=x>-3x that is parallel to
2x+18y—-9=0
Solution:

given curve; y=x>-3x ........ (1)
Diffw.rtx, 2 =3x2—3
dx

Let (x1,y;) be the tangential point.

At (x1,y1), slope of the tangent is m; = % =3x{—3 ....... (2)

Slope of the line 2x + 18y —9 = 0is my = — = — .. ... (3)
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Since the tangent is parallel to the line, m; = m,

From (1) & (2) 3;;_3 ==
=>3(x{-1) =
xt—1=
x? =4
X, = X2
When x; = 2,
y1=8-6=
when x, = =2,

The points are (2, 2) and (-2, -2)
Equation of normal at (2,2) isy — 2 = %1 (x —2)
9y —18 = —x + 2
“x+9y—20=0
Equation of normal at (-2, -2) isy + 2 = %1 (x+2)
9y +18 = —x — 2
~x+9y+20=0

7. let P be a point on the curve y = x3 and suppose that tangent line
atP
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Intersects the curve again at Q. prove that the slope at Q is four times
the slope at P.

Solution:
Let P (t, t°) be any point on the curve y = x3
~ slope at P = m;=3t*
Equation of tangent at P (t, t°) is y — y; = m(x — x1)
y—t3=3t?(x—1t) ...... (1)
It passes through Q (t, t3)
a3 —t3 =3t%(t; — t)
(ty —t) (tF + t;t+t2) = 3t%(t; — ©)
+(t; —0), 12 +t;t +t2 = 3t?
2 +tt+t2 =0
(ty —t)(t;+2t) =0

t; = =2t [~t] # t]
Slope of tangentat Q = m, = 3t?

= 3(—2t)*

= 4(3t?)

m, = 4my

=~ The slope at Q = 4 (slope at P)

8. prove that the curves 2x? + 4y? = 1and 2x? + 4y? = 1cut each
other at right angles.
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Solution:
We have 2x? + 4y? = 1and 2x? + 4y* =1
Let (x1,y71) be the point of intersection.

Now (x1,y;) lies on both the curves

2xf +4yf =1
6x? —12y7 =1
Before equation solving we get,

4x? = 16y

=4 ... (1)

SR

Differentiate the two equations.

Now 4x + 8y = 0

dy —x
dx 2y
— (¥ _x
Now m = (dx)(x1,}I1) B 2y1
Now 12x — 24y X = 0
dy x
dx 2y

dy

) =3
dx/(x1y1) 271

Now m, =(
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Therefore of their slopes

mi.mz = (=3 (35)
-2 = 2y1/ \2y1

—_x __1 — _
=—;-=-7;%x4=-1 [by1]

= The two curves cut at right angles.
9. at what angle 6 do the curves y = a* and y = b* intersect (a#b).
Solution:
giveny = a* and y = b*
let P(x1, y1) be the point of intersection of the given curves.
Yy =a*! and y; = b*!
=> q*1t = p*1
=> x;loga = x;logh

= xq[loga —logh] = 0

=> X1 = 0
=> V1 = 0
=~ (x1,¥1) = (0,1)
y=a
d
d_ic, =a”*loga
@
my = \—
dx/ (xy,91)
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=aloga
= loga
y =b*

dy
— =Db*logh
dx 08

&)
m, = |—
’ dx(ﬁyﬂ

= b%logh
= logb

If © be the angle between them then

mp —m;
tan @ =

1+ mim,

loga —logb

1+ logaloghb

9 — tan-1 l loga —logb H

1+ logaloghb

10. show that the equation of the normal to the curve x = a cos®
y =asin® 0 atisxcosf — ysinf = a cos 29.

Solution:

Take the any point 6 as (a cos® 8 ,asin® )

AtO, x =a cos30 3—:= —3acos? 0 sin 6

. d .
y = a sin® 0 £= —3asin? 0 cos 6
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At 6, slope of the tangentism = —=

—3asin? 0 cos @

~ —3acos?0 sinf

—sin @

cos 6
Equation of normal at 8 (a cos® 6 ,asin38) is

1
y—n——a@—m)

—sin @

—asin36 = — X —acos36
y (

cos 6

= ysind —asin* 8 = x cos@ — acos*
= xcosf —y sinf + a (sin* 0 — cos* 6) = 0
= xcosf —y sinf + a (sin® @ — cos? 6) = 0
x cosB — ysinf = acos 29.

11. if the curve y°=x and xy=k are orthogonal then prove that 8k°=1
Solution:
y*=x; xy=k

Solving these two equations we have the point of intersection as
(k2/3 ) k1/3)

2__ ay _
y—x—>2ydx—1
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_ dy_ 1
T dx 2y
i.e., at (k%3 k1/3), my —2k11/3
_ dy_ k
7 dx x2
1
At (k?/3 , k1/3), m; = =13

But they are orthogonal and therefore and therefore mym, = —1

1 1
>z - (~m) = -1

1
2k2/3 1

2k%/3 =1

=> 8k% = 1.

Exercise 5.3

1. verify Rolle’s theorem for the following functions :
(i) f(x)=sinx,0<x<m

(i) fx)=x*, 0<x<1

(iNfx)=|x—-1],0<x <2

(iv) () = 4x°-9x, =2 < x <

N | w

Solution:

i) fX)=sinx,0<x<m
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We have f (x) =sin x, 0< x < m. f(x) is continuous on [0, ] and

Differentiable on (0, ). Also , f(0) = f(m). Thus f satisfies all the
conditions of Rolles Theorem.

Therefore, there exists ¢ € (0, ) suchthat /' (c) = 0,

Now /' (x) = cos x

~f(c)=0

=>cosc=0

=>c=02n+ 1)%,7’162
But the c that lies in (0, ) is % which corresponds to n=0. Therefore the
suitable c of Rolles theorem is % :
(i) fx)=x°, 0<x<1

f(x) being a polynomial function, it is continuous on [0, 1] and
differentiable in (0, 1) .

but f(0)= f(1).
Therefore Rolles theorem is not applicable to the given function.
(iii) f{(X)=|x—-1[,0<x <2

This function is continuous on [0, 2] but not differentiable at x=1¢€
(0, 2). However f satisfies f(0) = 1= f(2). Because, f fails to satisfy the
differentiability condition of Rolles theorem, it cannot be applied to the
given function.

(V) f(x) = 4x°-9x, =2 < x <

N W
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f(x) being a polynomial function, it is continuous on [— %%] and

differentiable on (—%%) And f (— %) =0=f (%) Thus f satisfies

all the three conditions of Rolles theorem and hence there exist a
c= (—%%) satisfying f' (c) = 0
now f'(x) =12 x*-9
“f(©)=0
= 12¢%-9 =0

2_3
> c?=:

|3

s Cc=+*

V3 NI 3 3 V3 V3
Note that both — Y and Y lie in (— E'E)' Therefore both — Y and Y

Avre the suitable values of c .
2. using Rolles theorem find the points on the curve y = x? + 1,
—2 < x < 2 where the tangent is parallel to x- axis.
Solution:
y =x*+1, -2<x<2
y = f(x) = x? + 1 being a polynomial function.
It is continuous On [-2, 2] and differentiable on (-2, 2).
Now f(-2) = 5 f(2).
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Since f(x) satisfies all the three conditions of Rolles theorem, there exist
a ‘c’ satisfying f '(c) = 0. That is the tangent to the curve is parallel to
the x- axis.

Now f(x) = x% +1
f'(x) = 2x
~ f(c)=0 =>2c =0
= C=0€[-2,2]
Whenc=0,f0)=1
~ the tangent to the curve
y =x%+1 is parallel to the x — axis at (0,1)
Exercise 5.4

1. Verify Lagrange’s law of mean for the following functions:
(i) f(x)=1-x%][0,3]

Solution:
We have f(x) = 1 — x2,[0, 3]

f (x) being a polynomial, it is continuous in[0, 3] and differentiable on
(0,3), therefore by the law of the mean, there exists at least one point ¢
belongs to (0, 3) such that

fI(C) — f(b)_f(a)

b—a
: - fG®-fO) _-8-1_
l.e., -2¢c = 0 - 5 = 3
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rc=32€(0,3)
This verifies LaGrange’s law of the mean.

(i) f(x)==,[1,2]

X

Solution:
f(x) =% is continuous on [1, 2] and differentiable on

(1,2)Therefore by LaGrange’s law of the mean,

there exists at least one ¢ € (1, 2) satisfying
fro) =fOTW 1 —71

2-1 2
1 1

e, —==—1

c? 2
orc®’=2orc=+V2
Clearly —v2 ¢ (1, 2) but v/2 € (1, 2), therefore the suitable
value of ¢ is V2.

(i) f(x) = 2x*+x°-x-1,[0,2]

f(x) being polynomial, it is continuous On [0,2] and
differentiable on (0,2)

f1(X) =6X° +2x -1

by LaGrange’s law of the mea , there exists at least one ¢ €(0,2)

such that

iy — f2)—f(0) _ 17+1
f'(c) = 0 =9
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ie., 6c242c-1=9
or 6¢2+2¢-10 =0
3c%+¢-5=0

—-1+v61
6

= Cc =

1+\/_

€ (0,2)and c =

= NOW C =

This verifies Lagrange’s law of the mean with ¢ = _1J;m

(V) f(x) = x3.[-2, 2]

f(x) is continuous on [-2,2] but f'(x) :gx
which does not exists for x =0
since f(x) is not differentiable in (-2,2) and in this case Lagrange’s law

of the mean is not applicable and hence cannot be verified.
(v) f(x) = x*-5x°-3x, (1,3)

f(x) being polynomial, it is continuous on (1,3) .
Therefore by LaGrange’s law of the mean , there exists at least
one ¢ belongs to (1, 3) such that

f ( ) f(3) f(l) _2;-'_7 — _10

i.e., 3c*-10c-3 =10

3¢® -10c+7 =10

(c-1)(3c-7)=0
c=lorc=7/3
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now 1 & (1, 3) butc =7/3 € (1,3).
This verifies the LaGrange’s law of mean with ¢=7/3
(2) Iff(1)=10 and f'(x) >2 for 1<x< 4 how small can f(4) possibly be?
Solution:
We have f(1) =10 and f'(x) >2,1<x<4

The condition f'(x) > 2 reveals that /'(x) exists for all xe (1, 4) and hence
f(x) is differentiable on (1, 4) and continuous on [1, 4].
There we can apply lagranges law of the mean on [1, 4]. Hence there

exists ¢ belongs to (1, 4) such that

4)—-f(1 4)-10 .
f'(c) SRA i_{( ) = f(4)_1 (since f(1) = 10)
f(4)=3f"(c)+10
= f(4)> 6+10
I.e., f(4) >16.This say that f(4) must be atleast 16.

(3) At 2.00 pm a car’s speedometer reads 30 miles/hr., at 2.10 pm it
reads 50 miles/hr. show that sometime between 2.00 and 2.10 the

acceleration is exactly 120 miles/hr?.
Solution:

Let V be the velocity reading shown in the speedometer at any

time t Then the velocity function .
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V is a continuous function of t on (2, 2.10) and is differentiable
on (2, 2.10)
Now V (2) =30 miles/hr.
V(2.10)= 50 miles/hr.
By LaGrange’s law of the mean there exists ¢ belongs to

(2, 2.10) such that
V(2.10)-V(2)

Vi) = 2.10-2
' 50-30 .
V(c) = 10760 miles/hr.
=120 miles/hr.

Note that V is velocity and V'(t) is the acceleration at ¢ in between 2pm
and 2.10 pm.

Exercise 5.5

1. Obtain the McLaurin’s series expansion for :

(i) Letf(x) =e*

f(x) =e*; f(0) =1
=2 o S0
"(x) = 277 ; "(0) =

=2 ) =2
The McLaurin’s series expansion for e is

PO O IS

T'x-l_ Tx +Tx3+ ......

_ 2x 22 5, 23 3
=1+ ?+ZX +§X + -
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2 3
@0 ()

=1t ot 31

(i) Let cos?x

f (X) =cosX ; f(0) =1
f'(x)=-sin2x;, f(0)=0
f'"(x)=2cos 2x; f'(0)=-
f''x)=+4sin2x; f''(0)=0

f'(x)= 8 cos 2x ; f" (0) =8
oS x—f(0)+f1(') fz('O) 2+f3$0) X3 4 e
1——+—(8)+---

S a2y X
=1—-x"+—+..

1
(iii) let f(X) =1

f) =— ; f(0)=1

1+4+x

fO=-Fm i f@=-1
f (x)_m ; f (0)=2

6

() =TT f(0)=-6
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1 f (0 f(0) £ 0
--m—f(0)+ TRERT x2+—3! x3 +

B 2x%  6x3
B TR TR

=1—-x+x>—x3+-

(iv) lettan x
f(x) = tanx ; f(0)=0
f'(x) = sec?x; £(0) =1

f'(x)= 1+tan’x = 1 + f%(x)
) =2f@.£©); £ 0)=F0)f(0)=0
f7 0 = 2[f (). f7 () + f (). f ()]
£ (0) = 2[f(0). £ (0) + £ (0). f (0)] = 2
ie, f (0)=2
fo@) =2[f().f" )+ (0).f ) +2f (0f ()]
f¥(0) = 2[f(0).f (0) + £ (0).f (0) +2 £ (0)f (0)]

, _ £ (0) 70 2, f 0 3
s tanx = f(O)+Tx+Tx o xd
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—0+x+0+ (@) + 0+
31

x3
tanx = x + 3 + -

Exercise -5.6
Evaluate the limit for the following if exists.

Solution:
: i 0
(1) lim,_, % (5 form)

By ' Hospital's rule
T COSTX T COS2T

L
L tan x—x 9
(2) hml'x:_)o x—sinx (O form)

By I Hospital's rule,

x>0 1 _cos x \0

s 2sec? x tan x
= lim——
x—0 sin x

=lim,_q (2 sec® x) = (2)(1) = 2

-1

(3) lim,_ n_x (g form)

X

Applying Us hospital’s form rule
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A 4 A4
A4 \ 4
4 1 \ 4
: sin™! x \/ 2 1 :
v lim = lim X=X _ iy =1 M
v x>0 X x—0 1 x-04/1 — x2 v
A4 \ 4
A 4 A4
A4 \ 4
\ 4 n_om /0 A4
: 4) lirr% xx_z (5 form) Applying | Hospiltal srule :
v xoe v
v oxt =2 qpxtt . v
v lim——— = lim =n2" v
v x-2 X —2 x-2 1 )
A4 4
* ) »
A4 . sin= \ 4
v (5) lim —= 4
v x—o0 1/x ™
A4 \ 4
» ) v
h Put-= ytheny - 0asx - o 4
A4 x \ 4
A4 \ 4
hd . (2 4
L4 ~sin (}) ~sin2y /0 _ / o h
hd lim —== = lim (— form) applying | Hospital s rule *
X —00 1 y-0 y 0
v X v
A4 \ 4
A4 \ 4
: :
2 cos 2y
M }l}l{)r(l) ( ) 2(1) =2 M
A4 4
M M
1
¢ (6 put-=y v
\ 4 4
\ 4 \ 4
: Nowy - 0asx — oo :
\ 4 \ 4
\ 4 \ 4
\ 4 A 4
v Lo oan-1(L ) ) v
v yzoetan ) y?—2 tan”'(y) v
v lim = lim L4
v x =00 1 y=0 y v
\ 4 X A 4
\ 4 A 4
v - 4
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2y——22'
= lim —X
y—0

(applying I Hospital s rule)
=0 - % = =2

(7) lim loge X (g form) applying | Hospital s rule

x—oo X

lim, o logTex = lim (ﬁ) =0

(8) lirrlx—>0 — (2)

cot 2x

lim =1 — form

cotx - tan2x (0 )
= lim
x->0cot2x x-0 tanx \O

. 2 sec? 2x 2.1
=lim————=—=2

x>0 sec2x 1

(9) lim, g4 x°log, x

. log, x ©
= lim |—=2¢ (— form)
x—0 + — 00
X
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1
(10) lim,_,;x*x-1(1% form)

1
(x—1)

logy = log, x

lim logy = lim og. X (9 form)

x—1 x—1 x-—1 \0

=1

b—\|><|r—x

= lim
x—1

le.,limlogy =1
x—1
By composite function theorem, we have
1
1={iny logy = log lry ) = log Jimx=)
1

=> limxx-1 =¢
x—1

(11) lim _(tanx)*s* (oo form)

x-T/y

Lety = (tanx)“ *
logy = cos x log(tan x)

x_l)%r;lz_(log y) = x_l)ig;lz_(cos x) log(tan x)
= lim

x-T/,~  secx

log (tan x)

(g f orm)
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seczx
- llm tan x
x_gt/z_ sec x tan x

. sec x
= lim _( > )
x> [~ \tan“x

= lim _(cosx. cosec?x) = 0.1 =0
x=>" /5

By composite function theorem,

0 m _(logy) = log < lim y)
x -7

= li
x-T /5 /2

li =e’=1
x—>1”r?2_y €

(12) lim x*(0° form)
x—0 +

Lety = x*
logy = xlogx
xl—%n+ logy = xl—%n+ xlogx (0 X —oo form)
—  q: log x (o0
= xl—%n+ I (Oo form)
1
= lim %= lim(—x)=0
x—0+ =z x—0 +

By composite function theorem,

0= xl_%n+ logy = log( lim )

x—-0 +
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limx* =1
x—-0 +

(13) lirr(% (cosx)/*(1% form)
X—
let y = (cos x)1/*
1
logy = ;log(cos X)

lim (1 _ 1 logcosx /0
lim (logy) = lim T(E form)

—ta

= lir(r)l 1n ~ (Applying I hospital s rule)
P e d

=0
By composite function theorem,

0= lim (0gy) = log Jirg 7)

limy=e’=1
x—-0

i.e.,xli_)rgl (cosx)1/* =1
Exercise - 5.7
1. prove that e *is strictly increasing function on R.
solution:
Let f(x) =e”*

f@ =e*>0=>0forallx € R
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~ f (x) = e*isstrictly increasing on R

2.Prove that log x is strictly increasing function on (0,0)

solution :
Let f(x) = log x,x € (0, )

) 1
Nowf(x)=;>0

f(x) is strictly increasing on (0, )

3. which of the following functions are increasing or decreasing on the
interval given?

Let f(x) =x?—1,0< x < 2
f(x)=2x=>0 for0<x<?2

~ f(x) =x? —1isincreasing on (0,2)

@) Let f(x) =2x?+3x; |- 3,— 5

, 1 1
f(x)=4x+3>0 for—ESxSE

11
~ f(x) = 2x?+ 3xis strictly increasing on l— )
(ii) Let f(x) = e *,0< x <1

ff(x) = e™*<00<x<1

f'(x) = e~ is strictly decreasing on [0, 1]
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(i) Letf (x) =x(x—1) (x+1),[-2 —1]
FO=E-Dx+D+xEx+1D)+x(x—-1)
= X*-1+X2+x+X-X
=3x2—1>0for—-2<x<-1
“ f (%) =x(x — 1) (+1) is strictly increasing on [—2,—1]
(iv) letf(x) =xsinx;0<x<7

f'(x) =cosx +sinx

: s
-‘.f(x)ZOfOTOSXSZ

s
. f(x) = xsinx increasig on [0, E]

4. Prove that the following function are not monotonic in the intervals
given.

(i) Let f(x) =2x?> +x —5, —1< x <0

f (%) =4x+1=0ifx=T

S -1
ayx = —

-1
NOWf, (T) =-1<0

—1
i.e., f(x)is decreasing on _1'T

Take any value between 7 and 0
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-1
~ f(x) is increasing on [T’ 0]

Hence the function is not monotonic on [—1,0]

(i) Let f(x)=x(x—1D(x+1),0<x<2

L f(x) <O0if <x<i

V3
ff(x)=3x2-1=0

oL

= x__\/g

1 1
Take any value between 0 and 5 Sy x =3

1
~ f isincreasing on |0, —]
/ g l V3
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) 1
x)>0if =<x<2
f (x) f\/§
Thus f(x) is d ' [01] d
us X)LlS decreasing on ,——| an
R MV

1
increasing on lﬁ' 2]
Hence f (x) is not monotonic on [0, 2]
(i) Letf(x) =xsinx, o<x<m
f (x) = xcosx + sinx
Now f is not monotonic if f (x) has different signs at

different points. So let us check the signs at 0, % and
f(0)=01+0=0
2 (n) T T + s T T 0+ si T >0
— ) = —CO0S — Sin — = —. Sin —
2 2 2 2 2 2

ff(m)=mcosm+ sinm = —m1+0=-1<0

Now f is not monotonic on [0, ]

(iv)f(x) =tanx + cotx,0 < x <%

f(g) =4—§>0
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r

T

6

4
== -4 <0

3

since " has dif ferent sign at dif ferent points,

T
fis not a monotonic on (O, E)

5. Find the intervals on which f is increasing or decreasing.

(i)  f(x)=20—x—x?

f,(x):—1—2x;f’(x)=()=>x=_%

Ploy this point on the real line

We have two intervals—w

_1/2

v

A

— 00

St. decreasing

Interval | -(1+2x) f'(x) |interval of stricttly | Interval of
inc/dec inc /dec
: 1
(—oo,—_) + >0 (_Oo,_l) (~00,— 1]
: 2
St. increasing Increasing
. ) 1
(__JOO) <O (_1’ OO) [—E’OO)
: 2
decreasing

(i) f(x)=x3-3x+1
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f (x) =3x%-3
Ff(x)=0=>x=+1
Plot this point on the real line

We have three intervals

|
(-OO, _1)! ('1! 1)1 (11 OO) -0 -1 1 o

Interval | -(3x*-3) f'(x) |interval of stricttly | Interval of
inc/dec inc /dec
(=0, —1) + >0 (=0, —1) (=00, —1]
St. increasing Increasing
(-1,1) - <0 (-1,1) [—1,1]
St. decreasing decreasing
(1, ) + >0 (1, o) [1, )
St. increasing increasing

(i) fx)=x3+x+1

f (x) =3x%+1>0forall xeR
« f(x) is st.increasing on R.
(iv) f(x) = x —2sinx;[0,2m]

5t

f(x)=1—2cosx; f(x) =0=>x= =y

w3
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These two points divide the interval [0, 2]

T

x = divides the interval [0, 7] into [0, ), (5, 7]

Interval

1-sin x

f'(x)

interval of stricttly

inc/dec

Interval of

inc /dec
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P mofan. (2. ]
v e
s T
A4
\ 4
A4
4
: Interval | 1-2cosx | f'(x) |interval of stricttly | Interval of
A4
: inc/dec inc /dec
v Vs T s
- - <0 - z
A4 i .
" St. decreasing decreasing
A4
A4 5
¢ (z, 5_”) |20 (z, 5_”) E. 3
: 3° 3 3° 3
M St. increasing increasing
A4
v om - <0 51 5
¥ & 2l (.27 [ 2]
M
v St. decreasing decreasing
A4
: (V) f(x) =x+cosx,0<x<m
A4
: f(x)=1-sinx; f(x)=0=>1—sinx=0 "X=7
4
4
4
4
4
4
4
4
4
4
4
4
4
4
\ 4
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[0,2) + >0 St. increasing on [0, ]
T
[0.5), Increasing
n + >0 n n
(2)7-[] (2,77:] [2,7'[]
St. increasing Increasing
(vi) f(x) = sin* x + cos* x ; [0, %]
f (x) = 4sin3 x cosx — 4 cos® x sinx
= 4 sinx cosx ( sin? x — cos? x)
= 2.sin 2x (— cos 2x)
= —sin4x
, T T
f(x)=0=> —sindx=0=>4x=0 =>x=0'Z'§

The values of x divide the interval [0, > ]into (0, 7), 7,5

Interval | -sin 4x f'(x) |interval of stricttly | Interval of
inc/dec inc /dec
T - < T T
05 0 05 [0, %)
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=~ f(x) is strictly increasing for all x>0

f(x) > (0) forx >0

2

2

3
i) sinx>x—%,x> 0

3
let f(X)=sinx—x+%,x >0

b
(cosx—1+7) >1-1+0

X X
(cosx—1+7) >0 =>cosx>1— —

St. decreasing decreasing
T T + >0 T T T T

St. increasing Increasing

Exercise 5.8

1.prove the following inequalities :

. x2

1) cosx > 1 — 55X >0

solution:

2
let f(X)=cosx—1 +x7,x >0
' 2x
f x)= —sinx+7= —sinx+x>0 forallx >0

€€€€€¢€€eeeedececcecdceccececcececcececececcecececececcecceccececcececececcececees
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x2

f'(x)=cosx—1+3 3

2
X
=cosx—1+z>0forx>0

~ f(x) is strictly increasing on x > 0

s~ f(x) > f(0) forx >0

X3
(sinx—x+z>>sin0—0+0forx>0

. x3
smx—x+?>0

3

. . X
l.e., sinx > x — -

iii) tan™'x < x forallx >0
let f(x)= tanlx—x

L >0
1+4x? T 142 forx

f’(x) —

~ f(x) is strictly decreasing on x > 0
f(x) < f(@0) forx>0
(tan"lx — x) < (tan"1 0 — 0)
tan~! x — x< 0 for x>0
tan"'x < x forx >0
iv) log(1+x) <x forallx >0

let f(x) =log(1+x)—x

= ! _1=—L<0forallx>0
1+x 1+x

~ f(x) is strictly decreasing on x > 0
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f(x) < f(@) forx>0
i.e., [log(1+ x) —x] < [log(1+ 0) — 0]
log(1+x)—x<0

log(1+x)<x forallc>0

Exercise 5.9

1.Find the critical numbers and stationary points of each of the following
functions.

Solutions:

i) f(x)=2x—3x?

we have f(x) = 2x — 3x?

f(x)=2—-6x
1 1 1
F(3)=2x3-3%3
1
~3

X = ;isthecriticalnumberand (%,%) Is the stationary point.
i) f(x) = x*-3x+1
We have f(x)=x>-3x+1
1'(x)=3x*-3=0 for x=%1
The critical numbers are -1 and +1
Now f(1) =2-3=-1

92
| BHARATHIDHASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKKONAM-12™ MATHS 6&10 MARKS

VVPVPVPVPVPIVIVIIIIIIIIIIIIIIIIIIIIIIIIIIVIVIVIVIIVIVIVIVYVYVYY

€€€€€¢€€eeeedececcecdceccececcececcececececcecececececcecceccececcececececcececees
€€€€€¢€ceececececceccecececceccecececceccceccececececcecccceccececececcecee



\AAAAAAA A A A A A A A A A A A A A A A A A A A A AL A A A A A A A A A AL LA DA,
f(-1)=-1+3+1 =3
The stationary points are (-1, 3) and(1, -1)
i) f(x) = x*>(x — 4)?

we have f(x) = x*/5(x — 4)?
fr) = x52(x - 4) +§X_1/5(x— 4)?

= xV3(x — 4)[ 2x +g(x —4)]

-1/5

5

2x

(x—4)(5x + 2x —8)

=5 (k= H(7x - 8)

f(x)=0forx=4andx =§ and f'(x) does not exist for x = 0.

-~ the critical numbers are 0 , 4 and g

0 =sanar (-9 (C-+)

8\*/5 /—20\2
= the stationary points are (4,0) and (7, <7> <T> >

x+1
x24x+1

v) f(x) =

x+1
x2+x+1

we have f(x) =
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(X2 +x+1)1-(x+1)2x+1)
(x%2 +x+1)2

fx)=

_ —x*-2x
(x4 x+1)?

—x (x + 2)
(x2 4+ x + 1)2

Now f (x) =0 forx =0orx=—2

-~ the critical numbers are 0 and -2.

Also, f(0) =1 and f(=2) = _§

Therefore the critical numbers are (0, 1) and (—2, — %)

V) f(8) =sin?20,0<6<m
f(6) =2sin26.2cos 26

= 2sin40 =0 for 40 = 0,m, 2m, 3w, 41

=0 for 6 =0,—,—,—
- for - ) 12;4;71-

N

- the critical numbers are O,%,%,%, s

Now £(0) = 0;£(3)=1; £(5)=0; f(=) =1 and f(x) = 0

T

. . T 3
Therefore the stationary points are (0, 0) , (Z’ 1) ,(5, O) ’(T' 1) and (m,0)
vi) f() = 6+sinf, 0<6<2m
f(@ =1+cos@=0forf=m

Therefore the critical number is 7z and
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The stationary point is (m, )

2. find the absolute maximum and absolute minimum values of f on the given
interval :

Solution:
)(x)=x>-2x+2, [0,3]
f is continuous in [0, 3]
f'(x) =2x —2 =0 for x = 1 which belongs to [0, 3]
~ x = 1 is the only critical point.
the end points are x = 0,x = 3
the values at x = 1,x =0and x = 3 are f(1),f(0) and f(3)respectively.
ie,1,2,5
the absolute maximum is 5 and absolute minimum values is 1
i) f(x) =1—2x —x?;[-4,1]
f is continuous in [—4,1] ;
f'(x) = =2 —2x =0 for x = —1 which belongs to [—4, 1]
~ x = —1is the only critical point.
Theend pointsare x = —4,x =1
The values of the function at these points are
f(=1),f(=4)and f(1) i.e., 2,—7, —2.
The absolute maximum is 2 and absolute minimum values is -7

i) fO) =x3—12x+1 :[=3, 5]
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f is continuous in [-3, 5]
f (x) =3x*—12 = 0 for x = +2 which belongs to [-3, 5]
~ the critical points are x = =2, x = 2

The end pointsare x = -3, x =5
The values of function at these points are f(—2), f(2), f(—3),and f(5)
le,—-8+24+1,8-24+1,-27+36+1,125—-60+1

l.e.,, 17,-15,10 and 66

The absolute maximum is 66 and absolute minimum values is -15

iv) £(x) =vV9 —x2;[-1,2]

the function is continuous on [-1, 2]

, 1 1
f )= 5(9 —x2)72(-2x) = — = 0for x = 0 which belongs to [—1, 2]

X
V9 — x?
=~ the critical points are x = 0

Theend pointsare x = -1, x = 2
The values of function at these points are f(0), f(—1) and f(2)

i.e.,3,2V2 and V5
The absolute maximum is 3 and absolute minimum values is V5

(V) f(x) = =5 [1,2]

The function is continuous on [1,2]

1 _(e+1)1—x1 1
f0= x+1)2 T (x+1)2

# 0 for any point in [1,2]

~ It has no critical point .
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The end pointsare x =1, x = 2.

w N

The values of function at these points are £ (1), f(2) . e.,%,
The absolute maximum is gand absolute minimum values is %
(vi) f(x) = sinx + cosx; [O, %]

The function is continuous on [0%]

! . T T
f (x) =cosx —sinx =0 forx = 7 € [O§]

/i
~ the critical points are x = 7

The end pointsare x = 0, x = %

The values of function at these points are f (%) ,f(0) and f (g)

1 1 V3 1 . V3+1
6.,54'5 ,1,?+ B |.€.,\/§,1,T

The absolute maximum is v/2and absolute minimum values is 1.
(vii) f(x) =x — 2cosx ;[—m, ]
The function is continuous on[—m, 7]

m 5m
x)=142sinx=0=x= ——,—— € [-m, 7]
f 6 6

T 5w

=~ the critical points are — rAr

Theend pointsarex = —m, x =1

The values of function at these points are f (— %) f (— 5?”) , f(—m) and f(m)

e, —=—13,— +\/— —T+ 2,7+ 2
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(i)

The absolute maximum is = + 2 and absolute minimum values is —% — /3.

3. Find the local maximum and minimum values of the following functions:

Solution:

fl)=x°—x
ff(x)=3x*-1
f(x)=0=>3x2-1=0=>x= -
V3
=~ the critical points are — i i
V3 3
f(x) = 6x
At x = —i,f” (x)<0
V3
=> The function attains the local maximum at x = — \%
and the local maximum is
1 1y 1
(57 -5
= 5(1-3)=
At x = i,f"(x) >0
V3
=> The function attains the local minimum at x = %

and the local minimum is

2

(%)= (5 (@35
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2
~ Local max is ——
3v3

Local min i 2
ocal minis — ——
3v/3

(i) f(x) = 2x3 + 5x% — 4x
f (x) = 6x°+ 10x- 4

f,(x) =0 =>6x°+ 10x—4=0=> x:% or — 2

1
=~ the critical points are — 2, and 3
f(x) =12x + 10
Atx = =2,f (x) <0
=> The function attains the local maximum at x = —2

and the local maximum is f(—2) = 12

1 n
At x = §,f (x)>0

W =

=> The function attains the local minimum at x =

27

1) 2 5 4 19
9 3 27

and the local minimum is f (§
~ Local max is 12

Local min i 19
ocalminis — -

iii) f(x) = x* — 6x?
f(x) =4x3 —12x

f(x)=0=>4x(x*-3)=>x=0,+V3
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=~ the critical points are 0, ++/3
f(x) =12x% + 12
Atx = 0,f (x) <0
=> The function attains the local maximumat x = 0

and the local maximum is f(0) =0
Atx = V3,f (x) >0
=> The function attains the local minimum at x = V3
and the local minimumis f (\/5) =-9
Atx= —V/3,f (x) >0
=> The function attains the local minimum at x = — /3

and the local minimum s f (—\/5) = -9
V) f(x) = (&% = 1)3
f(x) =32 -1)2%2x
f(xX)=0=>6(x*-1%x=0=>x=0,+1
The critical points are 0, +1
)= 6{(x*=1%1+x2(x%—-1)2x}
=6(x*-1(5Gx2-1)
Atx = 0,f (x)>0
=> The function attains the local minimum at x = 0
and the local minimum s f(0) = —1
Atx=+1,f x)= 0

=> the second derivative test gives no information about the extreme nature of
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at x = +1 and hence extreme values are not known.
V) f(8) = sin?6 [0, ]
f'(B) = 2sin 8 cos @ = sin 20
f(®)=0=>sin20 =0=>20=0,m,2n
=> 0 = O,E,n
2
The critical points are 0,%, T
f'(0) = 2cos26

7T n
At x =§,f 0)=2(-1)<0
/i
=> The function attains the local maximum at 8 = 5

s
and the local maximum s f (E) =1

At 6 = 0, r the local min /max do not exist since they are end points of the
interval.
vi) f(t)=t+cost
f(t)=1-sint
f(t)=0=>1-sint =0

':>t=(4n+1)%,n €Z
= f'(t) = —cost
= clearly fort = (4n + 1)% , f () =0

Since the second derivative vanishes for = (4n + 1) % ,

The extreme nature of f is not known at the critical numbers.
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Exercise 5.10
1. find two numbers whose sum is 100 and whose product is a maximum.
Solution:
Let P denote their product P = xy
To maximize the product, write the product in single variable.
P =x(100 — x)
P =x(—-1)+ (100 —x).1 = 100 — 2x
P =-2
For max/min, P =0 =>100—2x=0 =>x =50
When x =50, P = —2< 0
When x = 50, the product is maximum.

Thus the numbers are 50, 50

2. Find two positive numbers whose product is 100 and whose sum is
minimum.

Solution:

Let x and y be the two positive numbers.

s~ xy =100
Let S denote their product
P 100
=x+y=x .
' 100 " 200

Formax/min, S =0 =>x2—-100=0 =>x = +10

But x is positive and hence x = 10
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When x =10, S >00
~ S i1s maximum When x = 10
y =10
~Thus the numbers are 10, 10

3. Show that of all the rectangles with a given area the one with smallest
perimeter is a square.

Solution:
Let x and y be the length and breadth of the rectangle.
Let the given area be A.
) “A=xy

Let L be the perimeter of the rectangle

L =2x+2y

=2x+2 G) . note that A is constant

L' (x) =2 [1 —xiz]

" 4'A
L (x)= =3

Formax/min, L' (x) =0 =>x=+VA
Since A is the area , —/A is not possible. = x = VA
When x =+/A , the perimeter is minimum.
Thusx =y =+vA
Hence, rectangle of given area with least perimeter must be a square.

4. show that of all the rectangles with a given perimeter the one with the greatest
area is a square.
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Solution:
Let x and y be the length and breadth of the rectangle.
Let L be the perimeter (given)
~L=2x+2y
Let Abethearea A =xy

=x [%] note that L is constant

A= %[L — 4x]

A (x)=-2
Formax/min A (x) =0=>L—4x=0 =>L =4x
WhenL = 4x, A" (x) =-2<0
I.e., When L = 4x, the areais maximum.
e, 2x+2y=4x =>x=y
I.e., the rectangle is a square when area is maximum .

5. find the dimensions of the rectangle of largest area that can be inscribed in a
circle of radius r.

Solution:

Let us take the circle to be a circle with centre (0, 0) and radius r and PQRS be the
rectangle inscribed in it. Let P(X, y) be the vertex of the rectangle that lies on the
first quadrant. Let 8 be the angle made by OP with the x- axis.

then x = rcos 0
y =rsinf

Now the dimensions of the rectangle are 2x = 2rcos 8 ;
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2y = 2rsin@ 0<0 <

N

Area of the rectangle A = 4r%sin@ cosf = 2r?sin28

We want to maximize A(6) = 2r?sin26

T

NOWA'(B) = 4r%cos20 =0 for 6 = n

A" (%) — _8r2x1=—8r<0

I
~ Ais largest when 0 = 7

when 9=%,2x=2rx%=\/§rand

1
2 =2r><—=\/§r
Y vz

The dimensions of the rectangle are v2r and v2r
6. Resistance to motion, F, of a moving vehicle is given by , F = §+ 100x.

Determine the minimum value of resistance.

Solution:

‘F=§+100x

, 5
F'(x) = ==+ 100

" 10
F (X) =3
X
For minimum, F' (x) = 0 => 100x%—5
N
x=t—
V20
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1 . ..
X=—— IS not admissible

1
X = —
20

1
When x = NoT

1
F =5(2V5) + 100 x —
(2V5) 25

= 10v/5+10v/5
= 20V5

Exercise 5.11

Find the intervals of concavity and the points of inflection of the following
functions:

LFGO) = (x 1)
we have f(x) = (x — 1)%

now f (x) = %(x — 1)§_1 = %(x — 1)‘%

p 2 24 2 5 _
f (x)=§(x—1) 3 =—§(x—1) 3>0forx<1i.e.,(—x1)

And ' (x) <0 forx>1i.e.,(1,0)

Therefore the second derivative test confirms that , f(x) is concave downward
on (1, o) and concave upward on (—oo, 1) note that both the first and second
order derivatives do not exist at x=1 but (1, f(1)) i.e., (1, 0) is a point of inflection.

2. f(x) =x?—x
We have f(x) = x? — x

f(x)=2x-1
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f (x)=2>0 for x e (—o0,0)

. f(x) = x? — x is a concave upward on (—oo, o).
Since f(x) does not turn from concave upward to concave downward,
f(x) has no point of inflection.
3. f(x) = 2x3 + 5x% — 4x
We have f(x) = 2x3 + 5x% — 4x

f (x) = 6x%4+10x — 4

' (x) =12x + 10

f”(x)=0=>x=—g

f (x)<0forxe <—00,— Z)

f"(x)>0forxe<—%, 00)

Therefore f is concave upward on (— % oo) and

5
concave downward on (—oo, — g)

(5>_ 125+125 20 610 305
f 6/ 108 36 6 108 54

5

Therefore the point of inflection is (—— f(— g)) ( 2 3505)

4.f(x) = x* — 6x?
We have f(x) = x* — 6x?
f(x) =4x3—12x

o) =12x* —12°
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Fff)=0=>12x*-1)=0 =>ux=+1
The points divide (—oo, ®)into (—, —1),(—1,1)and (1, )
Now f” (x)>0forx<landx>1 i.e, for (—o,—1)and (1, )
i.e., f(x) is concave upward on (—o0,—1) U (1, )
and " (x) < 0for (-1,1)

I.e., f(x) is concave downward on (-1, 1) and the points of inflection are

(-1, f(-D),(1,f(1))ie., (=1,-5)and (1,-5)

5. f(8) = sin26 in (0,7)

We have f(8) = sin 26 in (0,m)
f(0)=2cos20; f (6)=—4sin26
f(O)=0=> 20=0,m2n

ie.0 = 0,%,71

but0, & (0,m)

2= %e (0,7)
Here % divide (0, m) into (0, %) (%n) clearly f” (6) <0for6e (0, %) and
£ (0)>0for6ce (g,n)

Hence f(6) is concave downward on (O, %) and concave upward on (%n)

/A

And (%,f (5)) i.e., (%, 0) is the point of inflection.
6.y =12x% — 2x3 — x*

We have y = 12x? — 2x3 — x*
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y = 24x — 6x% — 4x°
y' =24—12x — 12x?
= —12(x*x — 2)
=—12(x—1D(x+2)
Nowy =0 => x=-2orx=1
y" <0 forx € (—o0,—2) and x € (1,0)And
y” >0 for x € (-2, 1)

Hence f is concave downward on (—oo, —2) U (1, ) and
f is concave upward on (—2, 1) and
the points of inflections are (—2,7(-2)),(1,f(1)) i.e, (—2,48)

and (1, 9).
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6. DIFFERENTIAL CALCULUS
APPLICATIONS-II

Example sums:

LIfy =3+ 2x°

(i) Find dy

(i1) Find the value of dy when x =2 and dx = 0.1

Solution:

(i) IF f(x) = x° + 2x4,

then f '(x) = 3x? + 4x, so dy = (3x* + 4x) dx

(i) Substituting x = 2 and dx = 0.1,

we getdy = (3 X2%+4 X2)0.1=2.
2. Compute the values of Ay and dy if y = f(x) = x® + x*—2x + 1
Where x changes (i) from 2 to 2.05 and (ii) from 2 to 2.01
Solution:

(i) We have f(2) = 2° + 2*2(2) + 1 =9

f(2.05) = (2.05)% + (2.05)>-2(2.05) + 1 = 9.717625.

and Ay =1f(2.05) —f(2) = 0.717625.

In general dy = f'(x) dx = (3x* + 2x —2)dx

When x =2, dx = Ax=0.05 and

dy = [(3(2)*+2(2)-2] 0.05 = 0.7

(i) f(2.01) = (2.01)°~(2.01)>-2(2.01) + 1 = 9.140701

" Ay =1(2.01) —f(2) = 0.140701
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When dx = Ax = 0.01, dy = [3(2)?+ 2(2) —2]0.01 = 0.14

3. Use differentials to find an approximate value for3/65 .

Solution:
1
Lety =f(x) = Vx = x3
1 =2
Then dy = 3X3 dx

Since f(64) =4. Wegetx=64anddx=Ax =1

o i 1 =2 1 4
This gives dy = 3 (64)3 (1) = G

V65 =f(64+1) = 4+~ 4.021

4. The radius of a sphere was measured and found to be 21 cm with
a possible error in measurement of atmost 0.05 cm. What is the
maximum error in using this value of the radius to compute the
volume of the sphere ?

Solution:

If the radius of the sphere is r, then its volume is V = gn r3.

If the error in the measured value of r is denoted by dr = Ar,
Then, the corresponding Error in the calculated value of Vis A V.

which can be approximated by the differential dV = 4 = r’dr.
When r = 21 and dr=0.05,
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This becomes dV = 4 = (21)?(0.05 ) ~277.

The maximum error in the calculated volume is about 277 cm®./1

5. The time of swing T of a pendulum is given by T = kvl where ks a
constant. Determine the percentage error in the time of swing if the
length of the pendulum | changes from 32.1 cm t032.0 cm.

Solution:

If T=kvI= k(l)%

Then % = k( X 1 1) (2'}) and
dl =32.0-32.1=-0.1 cm

Error in T = approximate change in T.

AT ~ dT = (‘;—f) dl = (Ziﬁ) (=0.1)
k

Percentage error = ( ) X 100% = 20—

1)
kﬂ X 100%

B ( 2011) x 100% = (2(302 1)) x 100%

=-0.156%

Hence the percentage error in the time of swing is a decrease of
0.156%

6. A circular template has a radius of 10 cm (+ 0.02). Determine the
possible error in calculating the area of the templates. Find also the

percentage error.
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Solution:

Avrea of circular template A = 7 r?,
Hencei—f: 27T,
Approximate change in area A A =(2 = r)dr.
When r =10 cm and dr = 0.02

AA = (2 2 10) (0.02) ~0.4 = cm?

I.e, the possible error in calculating the template area is

approximately 1.257 cm?

0.4m
mw(10)2

Percentage error = ( X 100)

=0.4%
7. Show that the percentage error in the n root of a number is
Approximately%times the percentage error in the number .
Solution:
Let x be the number. Lety =f(x) = (x)%
Then log y :%Iog X
Taking differential on both sides,

1 11
we have-dy =— X —dx
y n X

113
BHARATHIDHASANAR MATRIC HIGHER SECONDARY SCHOOL ARAKKONAM-12™ MATHS 6&10 MARKS

€€€€€¢€€eeeedececcecdceccececcececcececececcecececececcecceccececcececececcececees
€€€€€¢€ceececececceccecececceccecececceccceccececececcecccceccececececcecee

VVPVPVPVPVPIVIVIIIIIIIIIIIIIIIIIIIIIIIIIIVIVIVIVIIVIVIVIVYVYVYY



VOVPVPVPVPVIIVIVIIIIIIIIVIIIIIIVIIIIIVIIVIIIIVIIVIVIVYIVYVOYY

:%times the percentage error in the number.

8. Find the approximate change in the volume V of a cube of side x
meters caused by increasing the side by 1%
Solution:

The volume of the cube of side x is,

V = x%dV = 3x°dx

When dx = 0.01x, dV = 3x*X (0.01x) = 0.03 x°m°.

9. Trace the curve y = x° + 1
Solution:
(1) Domain, Extent, intercepts and origin:

The function is defined for all real values of x and hence the
domain is the entire interval (—oo, o0). Horizontal extent is
—oo<x <oo and vertical extent is —oo<y <oo,

Clearly x = 0 yields the y intercept as + 1 and y = 0 yields the

X intercepts as —1. It is obvious that the curve does not pass
through (0,0).

(2) Symmetry Test: The symmetry test shows that the curve does
not possess any of the symmetry properties.

(3) Asymptotes: As x —c (for c finite) y does not tend to + ccand
vice versa. Therefore the curve doest not admit any asymptote.
(4) Monotonicity: The first derivative test shows that the curve is

increasing throughout (—oo,20) since y">0 for all x.
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(5) Special points: The curve is concave downward in (—o°, 0)

And concave upward in (0, o)
Sincey"=6x<0forx<0
y"=6x >0 for x >0 and
y"=0 for x = 0 yields (0,1)as the inflection point.

¥y

Y
]
6 ¥=x+1
4
2

IRy, S
; 2 4
4
%
]

10. Trace the cure y2 = 2x°.
Solution:
(1) Domain, extent, Intercept and Origin :
When x 20, y is well defined. As x — oo,y — oo,
The curve exists in first and fourth quadrant only
The intercepts with the axes are given by :
Xx=0,y=0andwheny=0,x=0
Clearly the curve passes through origin.
(2) Symmetry: By symmetry test, we have, the curve is symmetric
about x — axis only.

(3) Asymptotes: As x —+ oo, y — 00, and vice versa.
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.".the curve does not admit asymptotes.
(4) Monotonicity: For the branch y = v2x¥2 of the curve is

increasing sincez—z> 0 for x > 0 and the branch y = —v/2x¥? of the

. . . d
curve is decreasing smceﬁ< Oforx>0

(5) Special points: (0,0) is not a point of inflection.

This curve is called a semi — cubical parabola.
¥

F

(D)

11. Discuss the curve y* (1 + x) = x* (1 —x)

for (i) existence (ii) symmetry (iii) asymptotes (iv) loops

Solution:
(i) Existence: The function is not well defined when x >1 and
X <=1 and the curve lies between —1<x <1.
(i) Symmetry: The curve is symmetrical about the x —axis only.
(iii) Asymptotes: x =—1 is a vertical asymptote to the curve
parallel toy —axis.

(iv) Loops: (0,0) is a point through which the curve passes twice

and hence aloop is formed between x =0 and x = 1.
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x =1

o)

(-1,0)

12. Discuss the curve a’y? = x* (a>x?),a> 0
for (i) existence (ii) symmetry (iii) asymptotes (iv) loops
Solution:
(i) Existence:
The curve is well defined for (a®—x%) >0 i.e., x*<a*
l.e., x<aand x >—a
(i) Symmetry: The curve is symmetrical about x-axis, y — axis,
and hence about the origin.
(iii) Asymptotes: It has no asymptote.
(iv) Loops: For —a <x < 0 and 0 <x <a, y*> 0
=Y Is positive and negative
.".a loop is formed between x = 0 and x = a and another loop is

formed between x = —a and x = 0.
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13. Discuss the curve y* = (x —1) (x —2)°.
for (i) existence (ii) symmetry (iii) asymptotes (iv) loops
Solution:
(i) Existence:
The curve is not defined for x —1< 0,
ie., whenever x < 1, the R.H.S. is negative
—=y?< 0 which is impossible.
The curve is defined for x >1.
(i) Symmetry: The curve is symmetrical about x-axis.
(iii) Asymptote: The curve does not admit asymptotes.

(iv) Loops: Clearly a loop is formed between (1, 0) and (2, 0).

. ou du 9%u 9%u 9%u 92u
14. Determine: —,— an
ox’'dy ' 9x2’ay2’ ax ay dy ox

if u(x,y) = x* +y° + 3x%y° + 3%y
Solution:
ou_ , 3 2
Fo 4X” + 6Xy” + 6xy
0u_ 2 2 2
P 3y° + 6x°y + 3X

9%u 2 2
2= 12x% + 6y? +
dx?2 6y” + by
9%u 2
577 by + 6
9%u
dx dy

=12 xy + 6X

92%u
dy 0x

118
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62
dy

2
Note that-—- = -2"“ due to continuity of u and its first order
dx dy d0x

partial derivatives.

15.1ru = log (tan x + tan y + tan z), prove that X~ sin ZXZ—Z: 2
Solution :
2

ou _ sec“ x

dx tan x-+tan y+tan z

ou 2sinxcosx. sec?x

sin 2x =
dx tanx +tany+tanz

2 tan x

tan x+tan y +tan z

Similarly,
_ ou 2tany
sin 2y =
dy tanx +tany-+tanz
_ du z
sin 2z =
0z tanx +tany+tanz
L.H.S= Zsin2x 2 = Znxtany#ans) _ ) —R.H.S
Ox tan x+tan y +tan z

16. If U =(x—y) (y —2) (z—X)
then show that U,+ U+ U= 0
Solution:
Ue (y 2) {x—y) (1) + (z x).1}
=2 [2—x) ~(x~y)]
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Similarly

Uy=(z—x) [(x-y) ~(y —2)]

U= (xy) [(y 2) -z )]
Ut Uyt U=y =2) [(2 %) = )] + (x=y) [y —2) (y2)]

+ (%) [(x7y) ~(xy)]
“Uyt U+ U, =0
17. Suppose thatz =y e*" where x = 2t and v = ylog x,
Find=

Solution:

dz azdx_l_azdy
dt dxdt 0dydt

0z x2 0z x2
—=ye* 2x; —=e
0x y " dy

dx_zl dy_
dt 7 dt
dz

=Y e* 2x (2) + e*’ (-1)

-1

2 2
=e* 4xy —e”*

=e*’[(8t(1 — ) — 1)]

.dz

_ 4t a2 _
n—-=e (8t —8t“—1)

18. If w = u?e? where u =§ and v =y logx,

. J d
Find 2~ and =%
0x ady
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Solution:

ow ow Ju ow dv
We kﬂOWa = aa + ga and

dw _ dwou , ow oy
dy T ou ay dv dy
dw ow 5
V.

— = 2ueV;— = u‘e
ou " ov ’

QD
=
RIR LW

1

=
<
~
(\}
+

=<
N

19.W=x+2y+z2 and x = cost; y = sint; z =t.
. dw
Find E
Solution:

dw ow dx ow dy . ow dz
We know— = —— + —— + ——
€ Kno dt dx dt T dy dt 0z dt

W= & — _sint
ox ' odt
odw dy

—=2; ——= cost
3y 7 = oS
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aw_z 'dZ—l
ozt
dw

a— =1(—sint) + 2 cost +2z

= —sint+ 2 cost + 2t

20. Verify Euler’s theorem for f(x, y) = 7=—

Solution:
_ 1 _ 1 _ -1
f(txlty)"J?Z;zﬁj;f'_ t f(x;y)'_ t .f(x:y)
.".fi1s a homogenous function of degree —1 and

By Euler’s theorem,

X % ty % = —f
Verification:
f‘:= __l 2x _ —X
T 2a)) )l
Similarly,

— -y
b= T

x2+y2 -1

xﬂf+yﬁ’=-_@hyﬁyz_J;H;7= s

Hence Euler’s theorem 1is verified.

21. If u is a homogenous function of x and y of degree n,

9%u d%u ou
6x6y+ yayz ( )ay

prove thatx

Solution:

Since U is a homogeneous function in x and y of degree n,
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Uy is homogeneous function in x and y of degree n —1.

Applying Euler’s theorem for Uy

we have,
X (Uy)x'l' y (Uy)y: (n-1) Uy
i.e, XUyt y U, =(n-1) U,

92%u 92%u ou
0x6y+ )’m— (Tl—l)a
. R Ju ou 1
22. Using Euler’s theorem, prove thatx =Ty - Stanu
If u = sin™! ( = )
VX+/y
Solution:

R.H.S.is homogeneous and hence define

f = sinu= <ﬂ>
Vx + .4y
= f is homogenous of degree %

By Euler’s theorem,

x%+y%=%f
. . 1
x.a(smu) +y.$(smu) = Ssinu
du ou 1
x.a(cosu) +y.@(cosu) = Ssinu
du ou 1
SX Y= Stanu
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6. DIFFERNTIAL CALCULUS
APPLICATION-II
Exercise sums

EXERCISE 6.1

1. Find the differential of the functions

() y=x (i) y=Vx (iii)y =Vx* +x2 + 1
(iv)y = ;‘:3 (v)] y=sin2x (vi) y=xtanx
Solution :
() y=f(x)=x
f'(x) = 5x* =>dy = 5x" dx
(i) y=f(x)=x*

f(x)= %x i =>dy=-.x4%dx
(iii) y = f(x) = (x+x°+1) V*
f =5 + 22 +1) ~3(45°+2)

4x3 + 2x g x(2x% + 1)

dy = =
Y 2(x4+x2+1)% g \/x4+x2+1
(iv) y=fG)=-—
£ ) = 2x+3).1—(x—2).2

(2x + 3)2
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7
-~ (2x +3)2

7
=— " 4
(2x + 3)? x

dy
(v) v =f(x) =sin 2x
f’(x) =2 cos 2x

===>dy =2 cos 2x. dx
(vily =f(x) = xtan x
f'lx) = x.sec’x + tan x.1

=> dy = (x sec’x + tan x) dx

2. Find the differential dy and evaluate dy for the given values of x and

ax.
(i) y= 1-%%, x=5 dx-= %
(i) y=x'-3C+x-1,x=2, dx=0.1.
(i) y=(xX+5) x=1, dx=0.05
(iv)] y=+v1—x, x=0, dx=0.02
(v) y=cosx, x=%, dx = 0.05
Solution :
(i) dy = f'(x)dx
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y=f(x) = (1-X)
dy =-2x dx

When x =5, dx=1/2;
1
dy=-2 X5 X 2

=5

(i) y=fix)=x"-3x+x-1
dy=(4x3—9x2+1) dx

When x=2,dx=0.1;
dy=(4%x8-9%x4+1)(0.1)

=-0.3

(iii) y =f(x) = (X+5)°
dy = 3(x° + 5)° 2x dx

=60 +5) xdx
When x =1, dx =0.05,
dy = 6(1+5)° (1) (0.05)

=10.8

(iv) y =f(x) = (1-x)"?
dy = % (1- x)_% (-1) dx
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1
=~ T

When x =0, dx =0.02;

dy = - 1; (1) (0.02)

=-0.01
(v) y = flx) = cos x
dy=-sin x dx

When x = %,dx =0.05;

dy = -sin %x 0.05 = - 0.025

3. Use differentials to find an approximate value for the given number

M) V361 (i) ﬁ (i) y = ¥Y1.02+ ¥1.02 (iv) (1.97)°

Solutions:

(i) Let y =f(x)=x5
Take x =36, dx=Ax =0.1

1 _1
dyzg(x) 2 dx

1 1
=3 (36) 2 X0.1

0.1
= =0.0083

f(x+ Ax) =y +dy =£(36) +0.008 = 6 + 0.008
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v36.1 = 6.008

(i) Let y =f(x) =~

X
Take x =10, dx=Ax=0.1

dy=—xi2dx
1

=-—x0.1
100

=-0.001
f(x+ Ax) =y +dy =£(10)- 0.001

_ 1

T 0.001

=0.099

— = 0.099

1
10.1

1

(iii) Let y =f(x)=x3

Takex =1,;dx=Ax=0.02

2
dy=-x 3.dx

Wk

X (1) (0.02)

0.0066

f(x+Ax)=y +dy
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= f(1) + 0.0066
=1+ 0.0066

1
(1.02)3 = 1.0066

1

Again, lety = f(x) = x3
Here x =1, dx = Ax =0.02
_3
dx = zx % dx

- i (1) (0.02)
= 0.005

f(x+Ax)=y +dy =f(1) + 0.005 = 1.005
1
(1.02)# =1.005

1 1
(1.02)3+(1.02)+ = 1.0066 + 1.005

= 2.0116

(iv)  Lety=f(x)=x°
Take x =2, dx=Ax =-0.03
dy = 6x° dx
=6 % 2°X(-0.03)

=-5.76
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f(x+Ax)=y +dy=f(2)-5.76
=2°-5.76=58.24
(1.97)° = 58.24

4. The edge of a cube was found to be 30 cm with a possible error in
measurement of 0.1 cm. Use differentials to estimate the maximum
possible error in computing (i) the volume of the cube and (ii) the
surface area of cube.

Solution:

(i)  Volume of the cube v = a° =>3—Z =3a°
Approximate change in the volume Av =~ 3a°da

Av=3 x 30 x 30 X 0.1 =270 cm’
The maximum possible error in volume is 270 cm?

(i)  Surface area of the cube S = 6a*
ds
i 12a
Approximate change in the surface area
As=12ada
=12 x 30 x 0.1
=36 cm’

. . . 2
The maximum possible error in the surface area = 36cm

5. The radius of a circular disc is given as 24 cm with a maximum error
in measurement of 0.02cm.

(i)  Use differentials to estimate the maximum error in the
calculated area of the disc
(ii) Compute the relative error?
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Solution:

(i) Area of the disc A= r?

dA
— = 21r
dr

Approximate change in the area AA =2nr dr
= 211(24) (0.02) = 0.96m cm?
The maximum error in the area = 0.961 cm?

(i) A= mr?

Talking log on both sides,
log A =logm+2logr

Talking differential on both sides,
1 l
Z dA =2. ; dr

The relative error in A

. AA 1 1
|.e.,7—ZdA—2.;dr

1
=2.-x(0.02)
=0.0017

The relative error in A is approximately 0.0017

"EXERCISE 6.2
1. Truce the curvey = x°

Solution :

(i) Domain, extent, intercepts and origin
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The function is defined for all real values of x and hence the
domain is
(-o0,00) . The horizontal extent is - co < X < oo and the vertical
extent is
- o0 < Yy < oo, Clearly it passes through the origin since (0,0)
satisfies
the equation.
(i) Symmetry
It is symmetrical about the origin.
(ili) Asymptotes
The curve does not admit any asymptote.
(iv) Monotonicity
Since 'y > 0 for all x, the curve is increasing in (- «© , ).
(v) Special points
Since y” = 6x, the curve is convcave upward in (0, «) and
convex upward in (-0, 0)
y” =0 for x = 0 yields (0,0) as the point of infiection.
Discuss the following curves for
(i) Existence (ii) Symmetry (iii))Asymptotes (iv) loops
2.y% = x% (1-x%)
Solution :
(i) Existence

The curve is defined only for (1 —x%)>0i.e., x < 1 and
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X=>-1
(i) Symmetry
The curve is symmetrical about x-axis and y-axis and hence
about the origin.
(ili) Asymptotes
It has no asymptotes
(iv) Loops:
(0,0) is a point through which the curve passes twice.
For—1<x<Oand0<x<1,y>>0 ie.,y is positive and
negative.
Two loops are formed between x =-1landx=0; x=0and
x=1.
3. V¥ (2+x) = x*(6-X)
Solution:
(i) Existence
The function is well defined only for x < 6
and x > -2 i.e., the curve lies between -2 <x <6
(i) Symmetry
The curve is symmetrical about x — axis.
(ili) Asymptotes
When x = -2, y* becomes infinite i.e., y D+

X = -2 is a vertical asymptote.
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(iv) Loops: (0, 0) is a point through which the curve passes
twice
and hence a loop is formed between x =0 and x = 6.
@) y'=x (1%
Solution:
(i) Existence
The curve is defined only for (1-x) < 0ie,x<1
(i) Symmetry
The curve is symmetrical about x — axis.
(ili) Asymptotes
It has no asymptotes.
(iv) Loops
(0, 0) is a point through which the curve passes twice and
hence a loop is formed between x =0 and x = 1.
5.y° = (x - a) (x — b)? . ab >0 a>h
Solution:
(i) Existence
The curve is defined only for x = b and x> a. for x = b,
we have a point only.
(i) Symmetry
The curve is symmetrical about x — axis.
(ili) Asymptotes

It has no asymptotes.
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(iv) Loops

There is no loop

EXERCISE 6.3
1. verify =2 = 2% ¢or the following functions:

verify 5= = 5,55 for the following functions:
(lu=x%+3xy +y?(i)u= )%—;V—Z (iii) u = sin3x cos4y
: _ —1(x
(iv)u = tan (y)
Solution:

(i) u = x? + 3xy + y?

au—Z + 3 au—3 + 2
ax y'ay_ xTay
d%u d%u

— 3. —
dx dy ’ 9y ox

. 0%u . 0%u

" oox dy a dy ox

. X y

(iyu = 7T

ou 1 (-2)x~3 = 1 +2y_x3+2y3

ox  y2 y ' T oy2  x3 7 x3y2

ou -3 1 2x 1 (y3+2x3)
Z=x(dy P -s=-Z ==

3y (-2).y 2 y3  x2 x2y3

6<6u)_ 2+2_6(6u)_ 2_|_21
dx\dy)  y3 x3’ay\ox/  y3  «x3’
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92u 92u

dx dy o dy Ox
(iii) u = sin3x cos4y

Ju

azcos4y.c053x.3 = 3 cos 3x cos 4y

Z—; = sin 3x (—sin4y).4 = —4sin 3x sin 4y

Jd (0u
o (@) = —4sin4y[cos3x.3] = —12 cos 3x 3x sin 4y
6(6u>_3 3x [—sin4y.4] = —12 cos 3x sin 4
5y \ax) = cos3x [—sin4y.4] = cos 3x sin 4y
9%u 9%u

= =
dx dy dy Ox

(iv)u = tan™! (i)

u 1 Ny
ox x2'<§)_x2+y2
1+ (5;)
Jdu 1 1 X
= X |- )=
dy 2% ( yz) x2 +y?
1+ Q;)
0 (au) B [(x% + y2).1 — (x).2x] B x% — y?
Ox ay - (xZ + yZ)Z | - (.XZ + y2)2
0 (au) _ [Py 1 -2y %P -y
oy \ox/ (2 +y2)?2 | (2 +y?)?
9%u . d%u
dx dy - dy Ox
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2. (i) if u=\/x% + y2, show that x Z—Z + yg—; =u

. = Y 2 d
(ii) if u=e» sin =+ex cosZ, show that x — + y—u =0
y X 0x oy
Solution :
u=y/x2 4+ y?

Ju 1 5 on—i
—=-("+y°) 2(2x) =

X
ox 2 [x2 + y2

Ju

1 1
=-(x*+y")2Q2y) =

dy 2 [x2 + y2

du N du
X — —=u
d0x Y dy
(ii) the given function is homogeneous and therefore it is easy to prove
buy Euler’s theorem.

X x Yy y

u= eYsin—+ ex cos—

y X

X x Yy y
u(tx,ty) = ev sm; + ex cos; = u(x,y)

=>degree of uis 0

By Euler's theorem,
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3. Using chain rule find Ccll—mt/ for each of the following:
(i) w =¥ where x=t?, y=t

(i) w = log(x*+y®) where x=e', y=e™

(iii)) w = where x=cos t, y=sin t.

X
(x%+y?)
(iv) w = xy + z where x=cos t, y=sin t,z=t
Solution:

W=e*¥

L dw  Ow dx ow d
()= 222
dt 0dx dt dy dt

= e . y.2t + e . x.3t?
= e [t3. 2t + t2.3t%] = w[5t*] = 5et’t*

(ii) dw _ dw dx ow dy
dt  dx dt = dy dt

1 1
=7 2xel + .
x“+y x“+y

2y(—e™)

___ 2 2t —2t
T e2tie-2t e —e ]
_ (x2+y2).1—x.2x
T (x24y2)2

e 0—x.2y
.(—sint) + Y

(i) = (cost)

= a0y [(x? — y?)(—sint) — 2xy cost]

= %[(sin2 t — cos? t)(—sint) — 2 (cost)(sint) cos t]
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= sint [—sin?t + cos? t — 2 cos® t]
= —sint

. dw dw dx dw dy ow dz
(iv) Z=m 4 22y 22
dt 0x dt dy dt 0z dt

=y.(—sint) + x.(cost) + 1.1

—sin?t+cos?t+1=2cos 1t

4. (i) find Z—V:and Z_Z if w=log(x*+y?) wherex =rcosf, y=
7 sin 0

(ii) find Z—V: and ‘Z—V: if w= x%+y?

2

where x = u? —v?,y = 2uv

(iii) find Z—Z and Z—‘: if w=sin"!xy

Wherex =u+v,y =u—v.

Solution:

ow  Jw 0x ow dy

() 3==2222 4

dr  0x Or dy or

E)W

— = 2+ =.2x(cos 0) t =5 =.2y.sin 8

2 .
=[r cos? @ +rsin? 0] ==
Tr r

6w 6W 6x ow dy
20 9x 96 dy 06

aw_
00  x2 + y?

_ 1
2x(—1sin9) + m 2y.(rcosB)
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2
=3 [—xsin 6 + ysin 0]

[-7sin@ cos@ + rsinf cosf] =0

RIS

(iyw = x? +y?

ow _owox , Ow oy
du  dx du dy du

= 2x.2u + 2y.2v
= 4[(u?® — v*)u + 2uv.v]
= 4[u? + uv?] = 4ufu® + v?]

ow ow O0Ox dw 0dy

v ox v | ay “ov
= 2x.(—2v) + 2y.(2u)
= —4[(u?® — v¥)v — 2uv.u]
= —4[u?v — v3 — 2u?v]
= 4[v3 + u?v] = 4v[u? + v?]
(i) w = sin"! xy Wherex =u+v,y =u— .

ow _ dw 0Ox ow dy
du  dx du dy odu

.x. 1

1 1
=y 1t —
V1-(xy)? Y V1-(xy)?

x+y _ 2u
VI-e)?  1-@?-v?)?

ow _Jdw Ox dw 0dy

v ox v | dy “ov
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1
=Tmor VMt ey (xy)z X (1)

. y—X . —2v
V1) 1)
5. using Euler’s theorem prove the following:

(i) ifu = tan™! (%),

Ju Jdu .
Show that x . + ya = sin 2u.
. _ 2 - i
(i) u = xy“ sin (y) ,

Show that x 2 + y ay = 3u.

(iii) if u is a homogeneous function of x and y of degree n,

du du 0%u 0*u 09%u p 0%u
dOx’ 0y’ 0x?’ dy? ' dx dy an dy 0x
9%u 0%u ou
prove that x — 322 +y 3x 0y =(n-1 P

(iv) if V = ze®™ ™Y and z is a homogeneous function of degree n

] d that aV+ aV—( + by + n)V
Inxanay prove at x Ox y(}y = (ax y n)v.

Solution: (i)
u is not a homogenous function. but tanu is a homogeneousfuction.

x3+y3
xX=y

~ define f = tanu =

= f is a homogeneous function of degree 2.
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= By euler’s theorem

af af
“ax Ve =Y
9] 9]
X a(tanu) +y @ (tanu ) = 2tanu
x.seczu.a—u+y.sec2u.a—u = 2tanu
d0x ay
ou Ju 2tanu

= 2sinu cosu = sin 2u.

+ =
* ox yay sec?u

.. _ 2 - i
(i) u = xy“ sin (y) ,
X
u (tx, ty) = t3xy? sin (;)

= u is a homogeneous function of degree 3.

= By euler’s theorem
ou ou

X —+y—="2u

0x Y dy
(iii) since U is a homogeneous function of degree n,
U, is a homogeneous function of degree n — 1.

XUy + ¥y (Uy)y = (n—1)(Uy)
X. (Uxx) t+ Yy (ny) = (Tl _ 1)Ux

a%u a%u U
|e,xa—2+yaxay—( —1)5
(iv) V = ze®™ tby
xa—V=x z.eax+by.a+eax+by.a—zl
dx dx
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av [ ax +by ax+by 9Z
—=ylz.e .b+e Y, —
yay y + dy

6V N av pax +by a_z 0Z
6x yay— laxz+byz+xax+yay
= e™*W [axz + byz + nz]
av av
since x a+y6 =nz
6V N av o +bY 5
X o yay (ax + by +n)

v v
P e (ax + by + n)V

END
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